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1 Introduction

Establishing the existence of the mass gap in Yang-Mills (YM) theory is a major open problem
in theoretical and mathematical physics [3, 4]. A related, even stronger, condition that is
believed to hold is color confinement, namely the property that all the asymptotic states
are massive color-singlet particles. Both of these properties pertain to the large-distance
behavior of observables, making it difficult to reach quantitative control due to the strong
coupling of the interactions.
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A possible approach to try to make progress on these questions is to cut off the large IR
fluctuations, by putting the theory in a box of size L and then studying the limit of L→ ∞.
This can be done without sacrificing spacetime symmetries if the “box” is a maximally
symmetric curved space of radius L. Among those spaces, Anti-de Sitter (AdS) space, thanks
to the existence of a conformal boundary, has the advantage of admitting a clear notion
analogous to that of asymptotic states in flat space, namely the states associated with the
insertions of local operators at the boundary. Connecting these states to scattering states in
the flat-space limit is a well-studied problem [5–18]. The isometries of the background ensure
that the correlators of the boundary operators encompass a conformal field theory (CFT),
whose operator content and data depend on the choice of boundary conditions for the bulk
fields.1 Moreover, AdS space has infinite volume even at finite L, allowing the possibility of
spontaneous symmetry breaking and phase transitions, phenomena which are forbidden on
compact spaces. Thanks to these nice properties, quantum field theory in rigid AdS has been
the object of a revived interest, see e.g. [19–29] for a partial list of recent developments.

The study of four-dimensional non-abelian gauge theories on the background of Euclidean
AdS space, i.e. hyperbolic space, was advocated long ago in [30] as a way to have better
control on the non-perturbative effects. The meaning of confinement in AdS space was later
explored in [1], which pointed out the existence of a deconfinement-confinement transition
as the radius L is increased. When L is small in units of the dynamically-generated scale
ΛYM the theory can be placed in AdS by imposing the standard Dirichlet boundary condition
(D bc) for the gauge fields,

Aa
i (x, z) ∼

z→0
z g2 Ja

i (x) , (1.1)

and the bulk gauge symmetry G becomes a global symmetry on the boundary. We are now
restricting to (Euclidean) AdS4, with metric

ds2 = L2dz
2 + dx2

i

z2 , i = 1, 2, 3 , (1.2)

and g2 is the YM coupling. The spectrum of operators in the boundary CFT contains
conserved currents Ja

i of the non-abelian symmetry G, and more generally operators in
non-trivial representations of G. Moreover, the conserved currents cannot continuously
recombine at g2 = 0 and therefore they keep the protected dimension ∆J = 2 for a finite
range of L around L = 0. If these operators would still exist for arbitrarily large L, they
would give rise to asymptotic states of massless gluons in the limit L → ∞. Therefore [1]
argued that a necessary condition for the existence of the mass gap in flat space is that
there is a transition at some finite value of L to a different boundary condition, one in which
the currents and the associated symmetry are not present on the boundary. This has to be
contrasted with the case of the Neumann boundary condition (N bc),

Aa
i (x, z) ∼

z→0
aa

i (x) , (1.3)

where the boundary mode is a 3d gauge field, and the group G remains a gauge symmetry
of the boundary. As a result in this case all the physical operators of the boundary CFT

1In this paper we take AdS to be a rigid background and we do not include dynamical gravity. As a result
the CFT on the boundary does not have a stress tensor operator.
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are color singlets, and it is possible for this boundary condition to smoothly approach the
flat-space limit L → ∞.

The deconfinement-confinement transition is expected to happen at strong coupling,
a natural estimate for the critical radius being Lcrit ∼ Λ−1

YM, and therefore it is hard to
make precise statements about it. Various alternative mechanisms for the transition can be
envisioned, as explained in [1] and recently revisited in [27]:

• Higgsing. A scalar operator Oa in the adjoint representation of G becomes marginal
at Lcrit and recombines with the current ∂iJa

i = Oa, allowing the latter to get an
anomalous dimension and breaking the G global symmetry;

• Decoupling. The positive coefficient CJ of the current two-point function, which gives
the norm of the state associated with the current operator, goes to 0 at Lcrit, forcing
the current operator to decouple from the theory;

• Marginality. A singlet scalar operator O becomes marginal at Lcrit, causing the D bc
to merge and annihilate [31, 32] with a second one, and to stop existing as a unitary
boundary condition.

The third mechanism was advocated as the most likely in [27], based on the analogy with 2d
asymptotically-free models which can be studied in the 1/N expansion.

Proving the existence of the transition in which the D bc disappears is a very interesting
problem. Understanding the nature of the transition and having quantitative control over it
could potentially offer new perspectives on the mass gap and confinement problem. In this
paper, we investigate this problem using perturbation theory. We will argue that perturbation
theory can play a valuable role in discerning between the various proposed scenarios, besides
providing data that can be later used as inputs for the numerical conformal bootstrap.
Working in an expansion around small radius, or equivalently in the Yang-Mills coupling g2

at the scale L−1, we compute the following quantities at next-to-leading order (NLO):

• the scaling dimension of the lightest singlet scalar operator, both for D and N bc’s;

• the scaling dimensions of the lightest scalar operators in non-trivial representations of
the G global symmetry for the D bc;

• the coefficient CJ of the current two-point function for the D bc.

These are the quantities that are more directly related to the possible scenarios for the
transition. Moreover, the quantity CJ is the CFT proxy for the bulk gauge coupling, and
our result allows to map any bulk calculation in an expansion in the gauge coupling in
dimensional regularization to an expansion in 1/CJ , up to NLO.

Results. Considering for definiteness G = SU(nc), we find that the lightest singlet scalar
operator in the D bc, namely tr[JiJ

i], has negative anomalous dimension,

D : ∆tr[JJ ] = 4− 11nc

24π2 g
2 +O(g4) , (1.4)
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Figure 1. Schematic representation of the conjectured evolution of the D and N bc’s as a function
of the bulk coupling LΛYM. The D bc merges and annihilates with D∗, a second boundary condition
with G global symmetry, which must exist for LΛYM ≲ (LΛYM)crit, but is not guaranteed to exist at
weak coupling.

while the lightest scalars in non-trivial representations of the gauge group, which are also
bilinear in the currents at weak coupling and therefore also start from dimension 4, all get a
positive anomalous dimension at the leading order, see (4.62). We find this to be a rather
strong indication that the Marginality scenario is more likely than the Higgsing one, in
agreement with [27]. Truncating at NLO we can roughly estimate the transition to happen at

∆tr[JJ ] = 3 ⇒ g2
crit|NLO = 24π2

11nc
≈ 21.5

nc
, or equivalently (LΛYM)crit|NLO = 1

e
≈ 0.37 .

(1.5)
This estimate needs to be taken with caution because it is just the result of a one-loop
truncation. Nevertheless we note that the estimated value of ncg

2
crit/(16π2) is quite small,

suggesting that perturbation theory might still be sufficiently reliable, in contrast to the
expectation that the transition should happen at strong coupling. The indication towards
Marginality is further confirmed by the fact that for the N bc instead the lightest scalar
singlet operator, namely tr[fijf

ij ], has positive anomalous dimension,

N : ∆tr[ff ] = 4 + 11nc

24π2 g
2 +O(g4) . (1.6)

This agrees with the idea that the N bc smoothly interpolates to the flat space limit, and
therefore no singlet operator is expected to cross marginality. The first correction to CJ

also happens to be negative,

CJ = 2
π2g2

(
1− 10 + 3γE

324π2 nc g
2 +O(g4)

)
, (1.7)

but the NLO estimate of the critical coupling in the Decoupling scenario gives

CJ = 0 ⇒ g2
crit|NLO ≈ 272

nc
, or equivalently (LΛYM)crit|NLO ≈ 0.92 . (1.8)

Compared to (1.5), this estimate suggests that the transition in the Marginality scenario
happens before.

The conjectural picture that is suggested by these results is illustrated in figure 1. The D
bc exists for a finite range of LΛYM, but at the critical value (LΛYM)crit the operator tr[JJ ]
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becomes marginal and the associated boundary coupling η has a beta function [25]

βη = c1η
2 + c2

( 1
g2 − 1

g2
crit

)
for g2 ≈ g2

crit , η ≪ 1 . (1.9)

As we review, the coefficients c1,2 can be expressed in terms of data of the boundary CFT for
g2 = g2

crit, whose value is not calculable. Even without knowing their values, the existence
of the D bc for g2 < g2

crit ensures that the condition βη = 0 must have two real solutions
for g2 ≲ g2

crit, one of them being the D bc, and the second being an additional boundary
condition with G global symmetry, which we call D∗. The theories D and D∗ merge and
annihilate at g2

crit, and become complex at larger values of the coupling. In this way, the D
bc stops being a viable boundary condition for g2 > g2

crit. This picture raises the question of
better understanding the nature of the D∗ bc, which we will not study in this paper. On the
other hand, the N bc is suggested to exist for all values of (LΛYM), as envisioned in [1].

Besides the standard perturbative computation, we discuss a different approach for
the calculation of the anomalous dimensions of tr[JJ ] in the D bc and tr[ff ] in the N bc.
This approach is based on the fact that in the limit g2 → 0 the bulk theory is the free UV
CFT of YM theory. As a result, the whole setup can be mapped via a Weyl rescaling to
flat-space boundary CFT (BCFT), and the two operators can be identified with the so-called
displacement operator of the respective boundary condition. We provide a general argument
based on multiplet recombination that fixes the anomalous dimension of the displacement
operator for a generic perturbation of a CFT in AdS, see (4.11). In particular, we find that
for a classically marginal deformation the leading anomalous dimension is determined by the
one-loop beta function in the bulk, see (4.13). This is the reason why the coefficient of the
one-loop beta function of YM theory appears in (1.4) and (1.6). The result in the case of
the D bc is then matched with the explicit diagrammatic calculation.

In preparation for the perturbative calculation, we also discuss in detail the propagators
for gauge fields in AdSd+1 (generic d is needed for dimensional regularization) with Rξ gauge
fixing, both in D and N bc’s. We find that choosing the gauge fixing parameter as ξ = d

d−2 ,
i.e. the Fried-Yennie (FY) gauge [33, 34], leads to drastic simplifications in the propagators,
e.g. from derivatives of hypergeometric functions to rational functions. For instance, for the
D bc the expression (B.17) for the bulk-to-bulk propagators in generic ξ collapses to (3.11)
in FY gauge. It is only thanks to these remarkable simplifications that we are able to carry
through the brute-force calculation of the diagrams in position space.

Outline. The rest of the paper is organized as follows: in section 2 we discuss the generalities
of YM in AdS space and the D and N bc’s at weak coupling, in particular the spectrum
of boundary operators in the free limit; in section 3 we derive the propagators for gauge
fields in AdS in Rξ gauge, and the special properties of the FY gauge; in section 4 we
first present the general multiplet recombination argument for the anomalous dimension of
the displacement operator induced by AdS deformations, then we apply it to compute the
anomalous dimensions of the lightest singlet operators for the D and N bc’s, and finally we
perform the diagrammatic calculation of the anomalous dimensions of all current bilinear
operators in the D bc, both singlet and non-singlet; in section 5 we perform the pertubative
calculation of CJ ; in section 6 we conclude and discuss possible future directions. Several

– 5 –



J
H
E
P
1
2
(
2
0
2
4
)
2
1
8

appendices contain technical details, and a review of the calculation of beta functions for
boundary marginal operators.

Conventions. Throughout the paper we use late lowercase Greek letters µ, ν, . . . for indices
on Euclidean AdSd+1 space, early lowercase Latin letters a, b, . . . for gauge group indices, late
lowercase Latin letters i, j, . . . for indices on Rd, and early uppercase Latin letters A,B, . . .
for embedding space indices. We use the following notation for integration over bulk points,∫

dx f(x) ≡
∫

AdS
dd+1x

√
g(x) f(x) , (1.10)

where g(x) is the determinant of the AdS metric gµν . In embedding coordinates, the
integral (1.10) is expressed as∫

dX f(X) ≡
∫
dd+2X δ(X2 + L2)Θ(X0)f(X) , (1.11)

where Θ(x) is the Heaviside step function.

2 Generalities of YM theory on AdS and boundary theory

The action of Yang-Mills theory on Euclidean AdSd+1 in ξ-gauge reads (ghost terms omitted)

SYM = 1
g2

∫
dx tr

[1
4FµνF

µν + 1
2ξ (∇µA

µ)2
]
, (2.1)

where Fµν = F a
µνta, with

F a
µν = ∂µA

a
ν − ∂νA

a
µ + fa

bcA
b
µA

c
ν , (2.2)

and tr[tatb] = δab. We are interested in the physics for d = 3, but keeping d generic is needed
for dimensional regularization. We will mostly use Poincaré coordinates xµ = (xi, z) with
z > 0 and i = 1, . . . , d, in which the metric gµν reads

ds2 = gµνdx
µdxν = L2dz

2 + dx2
i

z2 . (2.3)

L is the radius of AdS, which we set to 1 unless explicitly specified. The boundary is at z = 0.
The allowed boundary conditions of Aµ can be worked out by looking at the behavior

of the equations of motion close to z = 0. One has [35, 36]

D : Aa
i (x, z) ∼

z→0
zd−2g2Ja

i (x) ,

N : Aa
i (x, z) ∼

z→0
aa

i (x) .
(2.4)

In the first case, for d > 2 the bulk gauge field vanishes at the boundary and we have D
bc, with Ja

i (x) a conserved non-abelian vector current with scaling dimension ∆J = d− 1.
In the second case, the bulk gauge field does not vanish at the boundary and we have N
bc, with aa

i (x) a non-abelian gauge connection with scaling dimension ∆a = 1. This value
is below the unitarity bound for spin 1 operators but this is not an issue because aa

i is not
a gauge-invariant primary operator.
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We will mostly focus on D bc. When the gauge interactions are switched off, the
bulk gauge field A gives rise to a boundary CFT which is the mean-field theory [37] of the
non-abelian conserved currents Ja

i . Their two-point function read

⟨Ja
i (x1)Jb

j (x2)⟩ =
C0

J

g2 δ
ab Iij

x
2(d−1)
12

, (2.5)

where x12 = x1 − x2, and

Iij = δij −
2(x12)i(x12)j

x2
12

, C0
J = Γ(d)

2(d− 2)π d
2 Γ(d

2)
. (2.6)

Let us now focus on the case of d = 3. At g2 = 0 the D boundary theory is given by
all the primary operators of the schematic form Jn1□p∂mJn2 with correlation functions
entirely determined by (2.5) and Wick’s contractions. In table 1 we report the first “double
trace” JJ primary operators up to ∆ ≤ 7, including their representation under the global
symmetry, taken to be G = SU(nc) for definiteness. This is obtained using the standard
technique based on characters and the partition function of single particle states [38, 39].
The non-abelian structure allows for more primaries than those appearing in the mean-field
theory of an abelian U(1) current, as Bose symmetrization of Ja

i , Jb
j can be achieved either

by symmetrizing or anti-symmetrizing both their spacetime and adjoint flavor indices. When
restricted to the singlet flavor representation, the spectrum of double trace primary operators
in table 1 reduces to that obtained from an abelian current Ji, see e.g. [40]. We refer the
reader to appendix A for details and for the complete list of operators up to ∆ ≤ 7 which
includes “triple trace” operators. When g2 ̸= 0, the interactions mix operators with the same
quantum numbers, which also get anomalous dimensions.

At g2 = 0 the N boundary theory is the direct sum of n2
c −1 mean field theories of abelian

antisymmetric tensor fields, fa
ij , at the unitarity bound. These fields are dual to the currents:

Ja
i = ϵijkf

a
jk, which are conserved due to the Bianchi identity satisfied by fa

ij . The table 1
can then be used also to extract the spectrum of local operators of the N CFT at g2 = 0.
However, these results have to be interpreted with care when interactions are turned on. At
g2 ̸= 0, all non-singlet operators become unphysical and we are left only with the singlet ones,
which mix among each other and would in general acquire anomalous dimensions.2

3 The gauge propagator in AdS

In spaces with boundaries, we can distinguish between bulk-to-bulk, bulk-to-boundary, and
boundary-to-boundary propagators. The knowledge of the former clearly allows to derive the
other two by sending the bulk points to the boundary. Bulk-to-boundary gauge propagators
in AdS (with D bc) are entirely fixed by conformal symmetry, are ξ-independent, and have
been determined since the first years of the AdS/CFT correspondence [41, 42]. In contrast,
bulk-to-bulk gauge propagators are significantly more involved. Bulk-to-bulk propagators
for massive spin 1 fields have been determined in ambient space in [43, 44] and rederived

2The presence of many more local operators in the g2 = 0 theory can be seen to arise from endpoints of
line operators, which in the limit g2 → 0 become local operators.

– 7 –
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O (∆, ℓ)π R(SU(nc))
[Ja

i J
b
i ] (4,0)+ R+

[Ja
i J

b
j ] (4,2)+ R+

[Ja
i ∂iJ

b
j ] (5,1)+ R−

[Ja
i ∂jJ

b
k] (5,3)+ R−

[Ja
i □J

b
i ] (6,0)+ R+

[Ja
i □J

b
j ] (6,2)+ R+

[J̃a
i J̃

b
j ] (6,2)+ R+

[Ja
i ∂j∂kJ

b
l ] (6,4)+ R+

[Ja
i □∂iJ

b
j ] (7,1)+ R−

[J̃a
i ∂j J̃

b
k] (7,3)+ R−

[Ja
i □∂jJ

b
k] (7,3)+ R−

[Ja
i ∂j∂k∂lJ

b
m] (7,5)+ R−

O (∆, ℓ)π R(SU(nc))
[ϵijkJ

a
i J

b
j ] (4,1)− R−

[Ja
i J̃

b
i ] (5,0)− R+

[Ja
i J̃

b
j ] (5,2)− R+ ⊕R−

[Ja
i ∂j J̃

b
i ] (6,1)− R−

[Ja
i ∂j J̃

b
k] (6,3)− R+ ⊕R−

[Ja
i □J̃

b
i ] (7,0)− R+

[Ja
i □J̃

b
j ] (7,2)− R+ ⊕R−

[Ja
i ∂j∂kJ̃

b
l ] (7,4)− R+ ⊕R−

Table 1. Double trace JJ primary operators up to ∆ ≤ 7 in the mean field theory of SU(nc) adjoint
currents, O being their schematic form. We have distinguished between parity-even π = +1 primaries
(left) and parity-odd π = −1 primaries (right). Here J̃a

i ≡ ϵijk∂jJ
a
k . R+ (resp. R−) labels the

SU(nc) representations corresponding to the symmetric (resp. antisymmetric) product of two adjoint
representations, see appendix A for details. In particular, R+ always contains the singlet 1 and the
adjoint representation RA.

more elegantly using embedding space techniques in [45]. As far as we know the only
computation of the bulk-to-bulk gauge propagator for massless gauge fields in configuration
space dates back to [2], where it has been computed in the Feynman gauge ξ = 1 using
ambient space techniques. The resulting expression is quite complicated and consists of a
sum of hypergeometric functions and their derivatives with respect to the parameters a, b, c.3

In this section, we compute the bulk-to-bulk gauge propagator in AdSd+1 space by
using techniques of harmonic analysis, for any ξ-gauge. Quite remarkably, we find that the
propagator dramatically simplifies for an appropriate gauge choice.

It is useful to adopt embedding coordinates to write the propagators. Embedding space
techniques for AdSd+1 have been worked out in [45], building on previous work where they
have been developed for CFTs in d dimensions [49]. Euclidean AdSd+1 can be embedded into
(d + 2)−dimensional Minkowski space Rd+1,1 with coordinates XA as

X2 = ηABX
AXB = −1 , (3.1)

where ηAB = diag (−+ · · ·+). Tensors in embedding space can be encoded in a convenient
index-free notation. We use here the conventions of [45] and refer the reader to this reference for
explanations. Expressions in the AdSd+1 ambient space are given in the Poincaré coordinates

3An expression for the bulk-to-bulk gauge propagator, that however neglects matters related to gauge-fixing,
was given in [46, 47]. Moreover, very recently the bulk-to-bulk gauge propagator has been determined in a
mixed momentum-configuration space in the Az = 0 and the Landau ξ = 0 gauges [48].
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xµ ≡ (xi, z), which are related as follows to embedding coordinates,

X = (X+, X−, X i) = 1
z
(1, x2 + z2, xi) , (3.2)

where x2 = xix
i, and X± = X0 ±Xd+1 are light-cone coordinates on Rd+1,1. We parametrize

the distance between points xµ =
(
xi, z

)
and yµ =

(
yi, w

)
by

u(x, y) = (x− y)2 + (z − w)2

2zw = (X − Y )2

2 = −(1 +X · Y ) . (3.3)

The gluon propagator ⟨Aµ(x)Aν(y)⟩ := g2Πµν satisfies the following equation in am-
bient space, (

−δρ
µ∇2 +Rρ

µ +
(
1− 1

ξ

)
∇ρ∇µ

)
Πρν(x, y) = gµνδ(x− y) , (3.4)

where Rµν = −dgµν . The uplift in embedding space of (3.4), in index-free notation, reads(
−∇2

1 − d+ (1− 1
ξ )

2
d−1(W1 · ∇1)(K1 · ∇1)

)
Π(X1, X2;W1,W2) = (W1·W2)δ(X1, X2) , (3.5)

where
Π(X1, X2,W1,W2) = (W1 ·W2)g0(u) + (W1 ·X2) (W2 ·X1) g1(u) , (3.6)

and g0,1 are the two scalar functions to be determined. In ambient space, we have

Πµν(x, y) = −g0(u)∇µ∇νu+ g1(u)∇µu∇νu . (3.7)

The propagator (3.7) can also be expressed in terms of the bi-tensors gµν′(x, y) and nµ(x, y)
introduced in [2], see appendix B.1 for the explicit map.

We determine Π using the spectral representation, see appendix B.2 for an overview
and [45] for further details. The first point to note is that the transverse part of the gauge
field does not depend on ξ and is given by the massless limit of the first row of the spin 1
bulk propagator in (B.15), with ∆ = d − 1. We then have

Π(X1, X2;W1,W2) =
∫
dν γ1(ν)Ω(1)

ν (X1, X2;W1,W2)

+ (W1 · ∇1)(W2 · ∇2)
∫
dν γ0(ν)Ω(0)

ν (X1, X2) ,
(3.8)

where the functions Ω(ℓ)
ν are defined in (B.8), and

γ1(ν) =
1

ν2 +
(

d
2 − 1

)2 . (3.9)

Plugging (3.8) into (3.5) we then obtain [24]

γ0(ν) =
ξ(

ν2 + d2

4

)2 . (3.10)

An explicit expression of the propagator is obtained by evaluating the residues of the spectral
integrals. As reviewed in appendix B.2, we can get both D and N bulk gauge propagators by
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an appropriate choice of contour for ν. The D propagator is found by taking ν ∈ (−∞,∞)
and closing the contour at infinity in such a way that the contributions at infinity vanish.
This selects the appropriate poles for γ0 and γ1; the choice of contour that leads to the
opposite choice of poles determines the N bulk propagator. The explicit form of the N and
D bulk propagators in a general ξ-gauge is rather involved and is reported in appendix B.3.
Interestingly enough, the D gauge propagator remarkably simplifies for ξ = d/(d − 2). In
this case, we have

g
(D)
0 (u) =

Γ
(

d+1
2

)
2π d+1

2 (u(u+ 2)) d−1
2 (d− 2)

,

g
(D)
1 (u) = u+ 1

u(u+ 2)g
(D)
0 (u) ,

ξ = d

d− 2 , (3.11)

where g(D)
0 and g(D)

1 are the scalar functions entering (3.6) and (3.7) for the D bc. A similar
simplification occurs for the N bc for the same value of ξ,

g
(N)
0 (u) =

u(u+ 2) 2F1
(
1, d

2 ;
d+3

2 ;−u(u+ 2)
)
+ (d+ 1)

4πd/2(d+ 1)(u+ 1)Γ
(
2− d

2

) + g
(D)
0 (u) ,

g
(N)
1 (u) = u+ 1

u(u+ 2)

g(N)
0 (u)− 1

4πd/2(u+ 1)Γ
(
2− d

2

)
 ,

ξ = d

d− 2 . (3.12)

For reference, we report both D and N propagators in this gauge in d = 3, namely

g
(D,N)
0 (u) = 1

4π2

(1
u
∓ 1
u+ 2

)
,

g
(D,N)
1 (u) = 1

8π2

( 1
u2 ∓ 1

(u+ 2)2

)
,

d = 3 , ξ = 3 , (3.13)

where the sign − refers to D and + to N .
There are two reasons why this gauge choice is special. First, the gauge propagator with

D bc enjoys the peculiar transversality condition

XBΠAB(X,Y ) = Y AΠAB(X,Y ) = 0 , ξ = d

d− 2 . (3.14)

In ambient space, in the basis (B.3) of [2], the propagator is proportional to gµν′ + nµnν′

and the condition (3.14) turns into the transversality4

nµΠµν′ = nν′Πµν′ = 0 . (3.15)

Second, in flat d+ 1-dimensional space the gauge ξ = d/(d− 2) is known as the Fried-Yennie
gauge [33] and is known to lead to a remarkable reduction of IR divergences in QED, to all
orders in perturbation theory [34]. Given that AdS can be seen as an IR regulator of flat
space, it is perhaps not so surprising that such a gauge leads to remarkable simplifications.
We will refer, in what follows, to this gauge as the Fried-Yennie (FY) gauge.

4Recall that while nµgµν = nν , we have nµgµν′ = −nν′ , nν′
gµν′ = −nµ. Here gµν is the usual metric

tensor, while gµν′ is a bi-tensor. See appendix B.1 and [2] for details.
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3.1 Bulk-to-boundary gauge propagator

The bulk-to-boundary gauge propagator KAB(X,P ) can be obtained from the bulk-to-bulk
propagator by sending one of the two bulk points to the boundary. Note that, for the
D bc we also need to divide by a factor g2 to recover the current at the boundary, as
expressed in eq. (2.4),

⟨JA(P ) . . . ⟩ = lim
z→0

1
g2 z

2−d⟨AA(X) . . . ⟩ . (3.16)

Here and in the rest of the section we suppress color indices. In embedding space, we get

K
(D)
AB (X,P ) = Γ(d)

2(d− 2)π d
2 Γ
(

d
2

) (−2P ·X)ηAB + 2PAXB

(−2P ·X)d
. (3.17)

Note that this propagator does not depend on ξ. The bulk-to-boundary D propagator (3.17)
can also be fixed using exclusively d-dimensional conformal invariance at the boundary.

For the N bc, the bulk-to-boundary propagator reads instead

K
(N)
AB (X,P ) = −g2

2Γ
(
1 + d

2

)
sin
(

πd
2

)
π

d+2
2 (d− 2)2d

((d− 1)(−2P ·X)ηAB + 2PAXB

(−2P ·X)2

)

− g2ζ
2Γ
(
1 + d

2

)
sin
(

πd
2

)
π

d+2
2 d2

[C(d) + log (−2P ·X)]
((−2P ·X)ηAB + 2PAXB

(−2P ·X)2

)

+ g2ζ
4Γ
(
1 + d

2

)
sin
(

πd
2

)
π

d+2
2 d2

PAXB

(−2X · P )2 ,

(3.18)

where we have introduced the shifted gauge-fixing parameter

ζ = ξ − d

d− 2 , (3.19)

which vanishes in FY gauge, and

C(d) = π cot
(

πd
2

)
+ 2ψ(d)− ψ

(
d+1

2

)
+ γE − log 4 , (3.20)

ψ being the digamma function and γE being the Euler-Mascheroni constant. Note the
appearance of log terms in a generic gauge and how also the bulk-to-boundary N propagator
simplifies considerably in the FY gauge. The presence of ζ-dependent terms is due to the fact
that the corresponding boundary operator, the gauge connection a, is not gauge invariant.
On the other hand, the bulk-to-boundary propagator for the field strength,

⟨FAB(X)fCD(P )⟩ =
4g2Γ

(
d
2

)
sin
(

πd
2

)
(PAC(X,P )PBD(X,P )− PAD(X,P )PBC(X,P ))

π
d+2

2 (d− 2)(−2P ·X)2
,

(3.21)
where we have introduced the projector

PAB(X,P ) = ηAB + 2PAXB

(−2P ·X) , (3.22)

is ζ-independent and has the appropriate structure for the bulk-to-boundary correlator of
an antisymmetric rank-2 tensor. Contrary to the D case, (3.18) has a factor g2, because the
boundary limit in (2.4) does not require to divide by g2 in this case.

– 11 –



J
H
E
P
1
2
(
2
0
2
4
)
2
1
8

3.2 Ghost propagator

The two possible boundary conditions for the ghost fields c are c(x, z) ∼
z→0

z∆ ĉ∆(x), with
either ∆ = 0 or ∆ = d. They are constrained by the choice of boundary condition on the
gauge fields: with N bc, the presence of dynamical gauge fields at the boundary requires
the gauge transformation (and equivalently the ghost field) to persist at the boundary, i.e.
∆ = 0; with D bc, the gauge transformations should instead decay faster than the gauge
fields at the boundary, as the bulk gauge fields are dual to global currents in this case,
therefore the correct bc is ∆ = d. The ghost propagator with D bc G(D)

GH is simply the
propagator of a massless scalar field,

G
(D)
GH (X,Y ) =

Γ
(

d+1
2

)
2dπ d+1

2 ud
2F1

(
d,
d+ 1
2 , d+ 1,−2

u

)
. (3.23)

The N ghost propagator can similarly be derived by applying the prescription (B.14),

G
(N)
GH (X,Y ) = −

3F2
(
1, 1, 3

2 ; 2, 2− d
2 ;

1
(1+u)2

)
4πd/2(d− 2)(1 + u)2Γ

(
1− d

2

)
+
ψ
(

1−d
2

)
− 2ψ(1− d)− γE − log

(
1+u

2

)
− 1

d

2πd/2Γ
(
1− d

2

) ,

(3.24)

where ψ(z) is the digamma function and γE is the Euler-Mascheroni constant.

4 Anomalous dimensions of lightest scalar operators

In this section, we compute the anomalous dimension of the lightest scalar singlet boundary
operator, in both the D and the N bc’s. The operator is tr[JiJ

i] for D bc, and tr[fijf
ij ]

for N bc, where fij = ∂iaj − ∂jai − i[ai, aj ]. As already mentioned in the introduction,
for both cases in the limit g2 → 0 this operator has dimension 4 and it coincides with the
displacement operator of the theory at the free UV fixed point. The latter statement can
be proved either by using the expression for the bulk stress tensor and taking the boundary
OPE (bOPE) limit, or by noticing that it is the only singlet dimension 4 operator in the
boundary spectrum (see table 1), and therefore the only candidate to be the displacement
operator, which must exist in the spectrum when the bulk is a CFT.

To do the computation we will first exploit a multiplet-recombination argument, that fixes
the leading-order anomalous dimension of the displacement operator for any perturbation of
a CFT in AdS background. We present the argument in this general setting in subsection 4.1.
We then discuss what this result teaches us regarding the disappearance/persistence of the
D/N bc as we increase the AdS radius. For the case of D bc, we then check the result with
an explicit diagrammatic calculation in subsection 4.2.

4.1 Anomalous dimension of the displacement operator

A CFT in AdSd+1 is equivalent up to a Weyl rescaling to a BCFT. A general BCFT result then
implies that any CFT in AdSd+1 must have a boundary operator D of dimension ∆D = d+1,
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which appears in the bOPE of the bulk stress tensor [50]. This operator is the so-called
displacement operator. The two-point function between the traceless bulk stress tensor and
the boundary displacement operator is fixed by the isometries. In embedding space, it reads

CFT: ⟨TAB(X)D(P )⟩ = CTD
(−2P ·X)d+1

(
GAC(X)GBD(X)PCPD

(−2P ·X)2 − GAB(X)
4(d+ 1)

)
, (4.1)

where GAB(X) = ηAB +XAXB is the projector to the tangent space at X. The two-point
function (4.1) is fixed up to normalization by the two requirements

∇A
X⟨TAB(X)D(P )⟩ = 0 , (4.2)

GAB(X)⟨TAB(X)D(P )⟩ = 0 , (4.3)

where the first is the conservation, and the second is the traceless condition appropriate
to a CFT. Assuming the bulk stress tensor is normalized via the Ward identities for the
isometries, the coefficient CTD depends on the normalization of the operator D. For the sake
of our argument, we can leave the precise choice of normalization unspecified.

Next, we turn on a deformation in the bulk, i.e.

Sbulk = SCFT + λ

∫
dxO(x) , (4.4)

where O is an operator of scaling dimension ∆O of the bulk CFT. As a consequence of the
deformation the stress tensor acquires a non-zero trace. In embedding space we have

∆O ̸= d+ 1 : GAB(X)TAB(X) = (∆O − d− 1)λO(X) + α(λ)1 . (4.5)

Besides the operator violation of scale-invariance proportional to the deformation O, we
also allow a c-number contribution proportional to the identity operator, which is generally
present due to the curvature of the background, with a coefficient α(λ) that depends on the
deformation λ.5 In the special case ∆O = d+ 1 the coupling λ is classically marginal and we
have instead (assuming for simplicity that there is a single marginal operator in the CFT)

∆O = d+ 1 : GAB(X)TAB(X) = βλ(λ)O(X) + α(λ)1 . (4.6)

Here βλ is the beta function, which for small λ behaves as

βλ(λ) = β0 λ
n +O(λn+1) , (4.7)

for some integer n > 1 and some real coefficient β0.6

5In the special case of d + 1 = 4, this coefficient is a linear combination of beta functions for curvature
terms [51–54], with couplings denoted by a, b and c. There is no need to specify their form since, as we will
see, they will not play any role in our analysis.

6As pointed out in [55, 56], in d + 1 = 4 and in presence of continuous global symmetries, the beta functions
βi are subject to a possible ambiguity and are replaced by well-defined functions Bi. This issue will not appear
in the YM application as there are no continuous global symmetries.
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As a consequence of the trace being non-zero, there is an additional structure in the
two-point function, and the dimension ∆D(λ) of the operator D will depend on λ and no
longer be protected, so the two-point function is

λ>0: ⟨TAB(X)D(P )⟩= CTD(λ)
(−2P ·X)∆D(λ)

×
(
GAC(X)GBD(X)PCPD

(−2P ·X)2 −GAB(X)
4(d+1) − (∆D(λ)−d−1)d

4(d+1)∆D(λ)
GAB(X)

)
.

(4.8)

The coefficient of the additional structure in the second line is fixed in terms of ∆D and
CTD once we impose the conservation of the stress tensor. Note that besides ∆D also the
normalization CTD acquires a dependence on λ as we have indicated. The two-point correlator
between the deformation O and the displacement is fixed by bulk isometries to have the form

⟨O(X)D(P )⟩ = COD(λ)
(−2P ·X)∆D(λ) . (4.9)

Taking the trace of equation (4.8), using the operator equation (4.5) and substituting (4.9)
we obtain the relation

∆O ̸= d+ 1 : ∆D(λ)− d− 1 = −4(∆O − d− 1)λ
d

COD(λ)
CTD(λ)

∆D(λ) . (4.10)

Note that the c-number contribution given by α(λ) in (4.5) drops from the two-point function
because it gives rise to a one-point function for the boundary operator D, which vanishes.
Expanding this expression at small λ and denoting ∆D(λ)− d− 1 = γD(λ) we obtain that
the leading order anomalous dimension of the displacement operator is

∆O ̸= d+ 1 : γD(λ) = −4(d+ 1)(∆O − d− 1)
d

COD
CTD

λ+O(λ2) . (4.11)

When the λ dependence is not explicitly indicated in the normalization coefficients CTD and
COD, we mean their values at λ = 0, i.e. in the CFT. Note that the normalization choice
for D does not matter in this formula because it cancels in the ratio between normalization
coefficients. The relative normalization between T and λO on the other hand is fixed by
the operator equation (4.5). In the special case of a classically marginal deformation with
∆O = d + 1, following the same steps and using the operator equation (4.6) instead, we
obtain the relation

∆O = d+ 1 : ∆D(λ)− d− 1 = −4βλ(λ)
d

COD(λ)
CTD(λ)

∆D(λ) , (4.12)

which is valid to all orders in perturbation theory. The same remark applies as well to (4.10).
Expanding (4.12) at small λ gives the following result for the leading order anomalous
dimension

∆O = d+ 1 : γD(λ) = −4(d+ 1)
d

COD
CTD

β0 λ
n +O(λn+1) . (4.13)

Therefore, in the presence of a classically marginal running coupling in the bulk, the leading
anomalous dimension of the displacement is fixed by the leading coefficient in the beta
function of the bulk coupling.
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4.1.1 Application to YM

YM theory in AdS4 does not fall straightforwardly in the setup described above of a CFT
with a small deformation. For definiteness, we discuss SU(nc) YM, the generalization to
other gauge groups is straightforward. At the level of local operators, the UV CFT is the
abelian theory of n2

c − 1 free gluons (see e.g. [57] for a discussion of the global structure
of the theory in this limit). The deforming operator is the Lagrangian itself, with a large
coefficient 1

g2 . Nevertheless, this can be treated perturbatively because of the factors of
g2 in each gluon propagator.

The stress tensor of YM theory is

Tµν = 1
g2 tr

[
F ρ

µ Fνρ −
gµν

4 F ρσFρσ

]
. (4.14)

Its trace is given by

Tµ
µ = β 1

g2
tr
[1
4F

ρσFρσ

]
+ α(g2)1 = − 1

g4βg2tr
[1
4F

ρσFρσ

]
+ α(g2)1 . (4.15)

Like in the previous section, we allowed a c-number contribution with a g2-dependent
coefficient, whose form has been first determined in [54]. This contribution drops from the
anomalous dimension. The one-loop beta function is

βg2(g2) = −22nc

3
g4

(4π)2 +O(g6) . (4.16)

In the notation of the previous section, calling

O = − 1
g2 tr

[1
4F

ρσFρσ

]
, (4.17)

eq. (4.13) gives

γD(g2) = 16
3
COD
CTD

22nc

3
g2

(4π)2 +O(g4) . (4.18)

We now specify the boundary conditions and compute the coefficients that enter the
anomalous dimension, which are given by the diagrams in figure 2. For the D bc, we have
D = tr[JiJ

i] and using the propagator (3.17) we get

D :
CTD = (n2

c − 1) 256
π4g2 ,

COD = −(n2
c − 1) 48

π4g2 .
(4.19)

Substituting in (4.18) we obtain

D : γtr[JJ ](g2) = −11nc

24π2 g
2 +O(g4) . (4.20)

For the N bc, on the other hand, D = tr[fijf
ij ]. Using the propagator (3.18) we get

N :
CTD = −(n2

c − 1)512g
2

π4 ,

COD = −(n2
c − 1)96g

2

π4 .

(4.21)
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D T/O

Figure 2. Diagrams that compute the coefficients COD and CTD in the free UV limit g → 0.

Substituting in (4.18) we obtain

N : γtr[ff ](g2) = 11nc

24π2 g
2 +O(g4) . (4.22)

Interestingly enough, the leading corrections (4.20) and (4.22) are equal and opposite. We
do not know if this is a mere coincidence of the leading contribution or if there is some
mechanism explaining this relation. It would be interesting to better understand this point.

As we mentioned in the introduction, if a boundary singlet scalar operator is marginal for
some value of g2, or equivalently for some value of ΛYM in units of the AdS radius, then the
corresponding boundary condition goes through merger and annihilation [31, 32] and it stops
existing as a unitary boundary condition. This phenomenon, first envisioned in [20], was
explained in detail in [25] and it was applied to two-dimensional theories in [27]. The leading
order anomalous dimensions obtained above are suggestive that the displacement operator
indeed becomes marginal for the D bc and not for the N bc. This matches the expectation
that the D bc should not exist for arbitrary large AdS because it would give rise to massless
and colored asymptotic states in flat space, while it is possible that the N bc approaches
smoothly the flat space limit. Truncating the scaling dimension of tr[JJ ] to the leading order
correction (4.20) gives the estimate (1.5) for the transition in the Marginality scenario.

Let us briefly review, in our setup, the derivation of the merger and annihilation presented
in [25]. Assume that, as suggested by the calculations above, at a certain value g2 = g2

crit
the operator tr[JJ ] is marginal. Whenever we have a marginal operator, it is a nontrivial
requirement that the β function of the associated boundary coupling has real zeroes, and
we need to impose it in order to preserve conformal symmetry on the boundary. This β
function can be calculated reliably in a double expansion, in the marginal coupling itself,
and in the displacement of the bulk coupling 1/g2 from the critical value 1/g2

c . To avoid
confusion, we stress that this is not the same perturbation theory that we used above to
obtain the anomalous dimensions of D, the latter being an expansion around the free CFT
in the bulk i.e. g2 ≪ 1, while now we are interested in expanding about an interacting bulk
theory. In this double expansion, the beta function for the boundary marginal coupling
η tr[JJ ] is given by (see appendix C or [25])

βη = c1η
2 + c2

( 1
g2 − 1

g2
crit

)
+ subleading , (4.23)

where (plugging d = 3 in the formulas of appendix C)

c1 = 2πC3
C2

∣∣∣
g2=g2

crit
, c2 = − B

C2

∣∣∣
g2=g2

crit
, (4.24)
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with C2 and C3 the two- and three-point function coefficients of tr[JJ ], and B the coefficient
of the two-point function between the bulk Lagrangian tr[1

4FµνF
µν ] and tr[JJ ]:〈

tr[ 1
4FµνF

µν ](X)tr[JJ ](P )
〉
= B(g2)

(−2P ·X)d
. (4.25)

At leading order for g2 ≪ 1, C2 > 0 is given by (4.31) below, C3 > 0, and B = −g2COD > 0,
with COD given in (4.19). The value of these coefficients at g2

crit is beyond the reach of
perturbation theory. Nevertheless, the assumption that the D bc is a viable unitary boundary
condition that preserves AdS isometries in the range of coupling 0 ≤ g2 ≤ g2

crit guarantees
that βη must have real zeros for g2 ≲ g2

crit. This implies that c1 and c2 must have opposite
signs. As a result βη has two real zeros, at η± = ±

√
c2/c1(g−2

crit − g−2). So, at least close to
g2

crit, another boundary condition D∗ must exist, which gives rise to another boundary CFT,
with the same global symmetry of the D CFT, namely SU(nc). To the operator O+ = tr[JJ ]
of the D theory is associated another singlet scalar operator O− of the D∗ theory. Their
dimensions are determined by the slope of the β function at the corresponding zero, giving [32]

∆± = d+ 2|c1|η± . (4.26)

Deforming the D∗ CFT with O− leads to a (short) RG flow ending in the CFT D. When
g2 = g2

crit, the two CFTs merge and annihilate, namely they turn to complex CFT for g2 > g2
crit,

with purely imaginary anomalous dimensions for O± close to the merging point [32].
Note that this mechanism of loss of conformality has been advocated in [31] as a possible

explanation of how conformal windows terminate in 4d non-abelian gauge theories with
matter. In that context, the role of g−2 is played by the number of flavours.7 Interestingly
enough, here we are advocating the possibility that confinement itself in pure Yang-Mills
theory can be explained as a mechanism of loss of conformality, but this time the CFT in
question is a 3d CFT living at the boundary of AdS space.

It is also interesting to observe that a similar instability of the D bc exists in three-
dimensional gauge theories in AdS3. In that case however the singlet scalar operator bilinear
in the currents is actually marginal at zero bulk coupling, causing the Dirichlet boundary
condition to be unavailable already in perturbation theory, see e.g. [24, 59].

4.2 Anomalous dimensions from JaJb two-point function

We now restrict to D bc and compute the anomalous dimensions of the lightest scalar primaries
with different representations of SU(nc). To do this, we perform a direct computation of
Witten diagrams contributing to the two-point functions of JaJb(x) = J iaJ b

i (x). Here vector
indices are contracted, while color indices are left open. From now on we drop the superscript
D in Dirichlet propagators, as N bc will no longer enter our discussion.

The operator JaJb is the symmetric product of two fields in the adjoint, which decomposes
into irreducible representations according to

RA ⊗RA|sym = R+ = 1 ⊕RA ⊕R3 , (4.27)
7In the Veneziano limit the number of flavors is replaced by a continuous parameter and the merge and

annihilation scenario can be analyzed in controlled set-ups, see e.g. [58]. In this limit, the role of η is played
by a double trace deformation.
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where 1 is the singlet, RA is the adjoint, and R3 is defined in appendix A.8 Note that the
singlet corresponds to the displacement operator tr[JJ ], which we studied in the previous
subsection. Matching (4.20) with the result obtained with a direct computation will be a
non-trivial check of our computations.

Given a scalar primary operator O of classical dimension ∆(0)
O , its two-point function

is given by

⟨O(x)O(0)⟩ = cO(g2)
x2∆O

, (4.28)

where ∆O = ∆(0)
O +γO. In perturbation theory We can determine the leading-order anomalous

dimension γO by looking at the logarithmic part of the next-to-leading correction to the
two-point function:

γO(g2) = −
⟨O(x1)O(x2)⟩1∣∣

log x2

⟨O(x1)O(x2)⟩0 +O(g4) . (4.29)

Here and in the following we use the superscript 0 and 1 to denote the leading order and
the next-to-leading order respectively.

We first compute the leading order and the logarithmic terms at the next-to-leading
order of the two-point function ⟨Ja1Jb1(x1)Ja2Jb2(x2)⟩ and then project onto irreducible
representations. At the leading order, the two-point function in d = 3 reads

⟨Ja1Jb1(x1)Ja2Jb2(x2)⟩0 = C0
JJ

g4 (δa1a2δb1b2 + δa1b2δb1a2) 1

x
2∆0

JJ
12

, (4.30)

with
C0

JJ = 3(C0
J)2 = 12

π4 , ∆0
JJ = 2∆J = 4 , (4.31)

where C0
J is defined in (2.6). Let us now compute the next-to-leading order. We consider

the bulk two-point function of the composite operator AµaAb
µ,

g4Q(x1, x2) = ⟨Aµ1a1Ab1
µ1(x1)Aµ2a2Ab2

µ2(x2)⟩ . (4.32)

We then uplift it to embedding coordinates and take the external points to the boundary
to compute Q∂(P1, P2). While Q is not gauge invariant, the ξ-dependence cancels when we
take the boundary limit, making Q∂ gauge invariant instead.

At next-to-leading order, Q(x1, x2) is given by three contributions, corresponding to
the diagrams depicted in figure 3,

Q(1)(x1, x2) = QQU(x1, x2) +QTR(x1, x2) +QRED(x1, x2) . (4.33)

We call these diagrams the quartic, the triple, and the reducible diagram respectively. By
reducible here we refer to the fact that the last diagram is simply the contraction between
the vector propagator at tree level and its one-loop correction. This contribution can be
disregarded, as currents are protected by gauge symmetry and do not get an anomalous
dimension. Let us instead focus on the first two terms of the sum in (4.33).

8This decomposition is valid only for nc > 3, while for nc = 2, 3 the representation R3 is absent.
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(a) QQU (b) QTR (c) Q′
TR (d) QRED

Figure 3. Next-to-leading corrections to the two-point function of JaJb: the quartic (a), the triple (b),
and the reducible (d) diagram. The diagram (c) evaluates to zero since it has a vanishing color structure
and the diagram (d), being free of logarithmic terms, does not affect the anomalous dimension.

4.2.1 Quartic diagram

The quartic diagram is easier to deal with, as it involves integration over only one point,

QQU(x1, x2) = −g2σ
∫
dx
(
Πµ1νΠµ1ν(x1, x)Πλµ2Πλµ2(x, x2)

−Πµ1νΠµ1λ(x1, x)Πλµ2Πνµ2(x, x2)
)
,

(4.34)

where we have factored out the color structure defined as

σ = fa1a2cf b1b2c + fa1b2cf b1a2c . (4.35)

Uplifting to embedding space and taking the boundary limit as in (3.16), we have

Q∂
QU(P1, P2) = − 1

g2σ
∫
dX(KA1BKA1B(P1, X)KCA2KCA2(X,P2)

−KA1BKA1C(P1, X)KBA2K
CA2(X,P2)) .

(4.36)

We then plug in the expression for the bulk-to-boundary propagator in (3.17) to get

Q∂
QU(P1, P2) =

1
g2σ

24dΓ
(

d+1
2

)4
π2d+1

16(d− 2)4

×
∫
dX

(P1 · P2)2 + 2(P1 · P2)(P1 ·X)(P2 ·X)− d(d− 1)(P1 ·X)2(P2 ·X)2

(−2P1 ·X)2d (−2P2 ·X)2d
.

(4.37)
This is a linear combination of scalar integrals of the form

I∆ =
∫
dX

1
(−2P1 ·X)∆

1
(−2P2 ·X)∆ , (4.38)

which evaluates to

I∆ =
π

d
2 Γ
(
∆− d

2

)
Γ(∆)(−2P1 · P2)∆

(
log

(−2P1 · P2
δ2

)
− ψ(∆) + ψ

(
1− d

2 + ∆
))

, (4.39)

where δ ≪ 1 is an IR regulator expressing the distance from the boundary. See appendix D.1
for a derivation of (4.39). Plugging in (4.37), setting d = 3, and focusing on the logarithm
part we get

Q∂
QU(P1, P2)

∣∣∣
log

= − 1
g2σ

27
2π6(−2P1 · P2)4 . (4.40)
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4.2.2 Triple diagram

The triple diagram reads

QTR(x1, x2) = g2σ
∫
dx dy Πλ

λ′(x, y)Wλµ1µ2(x, x1, x2)W λ′µ1µ2(y, x1, x2) , (4.41)

where we have introduced

Wλµ1µ2(x, x1, x2) = 2Πµ1λ(x1, x)
↔
∇ν

xΠνµ2(x, x2)

−Πµ1ν(x1, x)
↔
∇x

λΠν
µ2(x, x2)−Πµ1ν(x1, x)

↔
∇ν

xΠλµ2(x, x2) ,
(4.42)

with F
↔
∇µG = F (∇µG)− (∇µF )G.9 Uplifting to embedding space and taking the boundary

limit as in (3.16), we get

Q∂
TR(P1, P2) =

1
g2σ

∫
dX dY ΠC

C′(X,Y )WCA1A2(X,P1, P2)WC′A1A2(Y, P1, P2) , (4.43)

with

WCA1A2(X,P1, P2) = 2KA1C(P1, X)
↔
∇B

XKBA2(X,P2)

−KA1B(P1, X)
↔
∇X

CK
B
A2(X,P2)−KA1B(P1, X)

↔
∇B

XKCA2(X,P2) .
(4.44)

We plug the expression for the bulk-to-boundary in (3.17) and the bulk-to-bulk gauge
propagator in FY gauge in (3.11), getting in this way a linear combination of integrals
in the form

K =
∫
dX dY (−2P1 ·X)−∆1(−2P1 ·Y )−∆3(−2P2 ·X)−∆2(−2P2 ·Y )−∆4f (u (X,Y )) . (4.45)

To solve this integral, we express f(u(X,Y )) as a function of the variable

ζ = 1
1 + u

= 2zw
w2 + z2 + (x− y)2 , (4.46)

and then expand it in powers of ζ,

f(ζ) =
∞∑

k=0
akζ

∆k , (4.47)

with ∆k = ∆0 + k. The result can be written as

K =
∞∑

k=0
ak K(k) , (4.48)

with

K(k) =
∞∑

m=0

π
d
2 2∆k−1Γ

(
∆1234−d

2

)
Γ
(

∆34k−d
2

)
Γ
(∆4k,3+2m

2

)
Γ
(∆3k,4

2

)
Γ(m+∆3)

m! Γ (∆1) Γ (∆3) Γ (∆k) Γ
(

∆124k+∆4+2m−d
2

)
(−2P1 · P2)

∆12,k−2m

2

I∆̃(k,m) .

(4.49)
9To obtain this expression for W we have performed an integration by parts to get rid of the term in the

triple vertex with a derivative acting on the external propagator. As we discuss in appendix D.2, this does not
give rise to boundary terms.
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In (4.49) I∆ is defined in (4.38), (4.39), we introduced the notation

∆i1i2...,j1j2... = (∆i1 +∆i2 + . . . )− (∆j1 +∆j2 + . . . ) , (4.50)

and we used that all the integrals that contribute to the triple diagram satisfy ∆13 = ∆24,
which gives

∆̃(k,m) = ∆34k + 2m
2 . (4.51)

We refer to appendix D.3 for a derivation of the result (4.49). The sum over m in (4.49) can
be performed analytically and gives rise to a linear combination of generalized hypergeometric
functions depending on k. We numerically sum over k setting d = 3.10 The sum is convergent,
but with a rather slow rate, so we adopt Padé approximants to improve on the final accuracy.
The final result with 400 terms and [200/200] Padé approximate is

Q∂
TR(P1, P2)

∣∣∣
log

≈ 1
g2σ

0.01976
(−2P1 · P2)4 . (4.52)

Summing all the terms together and downlifting to Poincaré coordinates we get

⟨Ja1Jb1(x1)Ja2Jb2(x2)⟩1
∣∣∣
log

= Q(1)∂(x1, x2)
∣∣∣
log

≈ 1
g2σ

0.005721
x8

12
. (4.53)

4.3 Projecting onto irreducible representations

As explained at the beginning of this section, to obtain primary operators we need to project
JaJb onto irreducible representations of SU(nc). A tensor T ab in the reducible representation
given by the products of two adjoints can be easily projected in the singlet representation
taking the trace of the tensor. The singlet projector PS can be then defined as

(PST )ab = δcdT
cd

n2
c − 1δ

ab . (4.54)

The two-point function of the singlet operator JJab
S = (PSJJ)ab is then obtained by acting

with this projector on eq. (4.30) and eq. (4.53) as follows

⟨JJa1b1
S (x1)JJa2b2

S (x2)⟩ = δa1b1δa2b2
(
⟨JJS(x1)JJS(x2)⟩0 + ⟨JJS(x1)JJS(x2)⟩1

)
, (4.55)

with

⟨JJS(x1)JJS(x2)⟩0 = 1
g4

24
π4(n2

c − 1)
1
x8

12
, (4.56)

⟨JJa1b1
S (x1)JJa2b2

S (x2)⟩1
∣∣∣
log

≈ 1
g2

2nc

n2
c − 1

0.005721
x8

12
. (4.57)

Plugging in (4.29), we get that the anomalous dimension of the singlet operator is

γJJS
(g2) ≈ −0.04644nc g

2 +O(g4) . (4.58)
10Actually, we have to set d = 3 + ϵ, with ϵ ≪ 1, in order to avoid spurious poles in 1/(d − 3) which appear

in intermediate steps but cancel in the total sum.
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This result matches with (4.20), providing a non-trivial check of our computation. This
correspondence allows to identify the 0.005721 in (4.53) as the analytic result 11/(2π6),
which we replace from now on.

Consider now the other representations. We will not need to project the result individually
to each irreducible representation, as all the non-singlets ones acquire at this order the same
anomalous dimension. This is seen by projecting out the singlet by introducing the operator
JJab

S⊥ = ((1 − PS)JJ)ab and computing its two-point function,

⟨JJa1b1
S⊥ (x1)JJa2b2

S⊥ (x2)⟩ =
(
δa1a2δb1b2 + δa1b2δa2b1 − 2

n2
c − 1δ

a1b1δa2b2

)
×
(
⟨JJS⊥(x1)JJS⊥(x2)⟩0 + ⟨JJS⊥(x1)JJS⊥(x2)⟩1

)
,

(4.59)

with

⟨JJS⊥(x1)JJS⊥(x2)⟩0 = 1
g4

12
π4(n2

c − 1)
1
x8

12
, (4.60)

⟨JJS⊥(x)JJS⊥(y)⟩1
∣∣∣
log

= − 1
g2

11nc

2π6(n2
c − 2)g

2 1
x8

12
. (4.61)

Since the group structure factorizes, all the representations that are not the singlet get the
same anomalous dimension, which reads

γJJ
S⊥ (g2) = 11

24π2
nc

n2
c − 2g

2 +O(g4) . (4.62)

5 Current two-point function

In this section we compute the current two-point function (2.5) at the next-to-leading order.
Since there is no anomalous dimension for a conserved current, the correction amounts to
rescaling of the correlator. In embedding space, this reads

K(P1, P2) = ⟨JA1(P1)JA2(P2)⟩ = CJ
PA1A2(P1, P2)
(−2P1 · P2)d−1 , (5.1)

where PA1A2(P1, P2) is the boundary limit of (3.22), and we have introduced the corrected
normalization constant

CJ = C0
J

g2

(
1 + C1

Jg
2 +O(g4)

)
. (5.2)

We determine C1
J by computing the one-loop corrections to the D bulk-to-bulk gauge

propagator in ambient configuration space. After that, we uplift the result in embedding
space and take the boundary limit. We then evaluate the necessary integrals and finally
extract the value of C1

J . We work in the FY gauge.

5.1 Computation of the diagrams: external points in the bulk

The leading perturbative corrections of the vector two-point function is given by the one-loop
diagrams depicted in figure 4. They read schematically

g2Π(1)
tot(x1, x2) = ⟨A(x1)A(x2)⟩ = g2Π(1)(x1, x2) + g2ΠCT(x1, x2) , (5.3)
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(a) ΠQU (b) ΠGH (c) ΠTR (d) ΠCT

Figure 4. One-loop corrections to the current J two-point function: the quartic (a), ghost (b), triple
(c), and counterterm (d) diagram.

where x1 and x2 are points in the bulk that we send to the boundary at the end of the
calculation. The one-loop contribution Π(1) is the sum of three diagrams:

Π(1) = ΠQU +ΠGH +ΠTR , (5.4)

which we call quartic, ghost, and triple diagram. ΠCT denotes the one-loop counterterm
contribution. Since the color structure of each contribution is diagonal in the color indices,
(Π•)a1a2

µ1µ2(x1, x2) = δa1a2(Π•)µ1µ2(x1, x2), we omit the color indices in what follows.

5.1.1 Quartic diagram

The quartic diagram ΠQU is the simplest as it involves integrating only over a bulk coordinate x.
It reads

(ΠQU)µ1µ2(x1, x2) = −nc g
2
∫
dxΠµ1λ(x1, x)Πµ2ν(x2, x)Πρσ(x, x)(gλνgρσ − gλρgνσ) . (5.5)

We can evaluate the tadpole Πρσ(x, x) by expanding the gauge propagator for small values of
the chordal distance. In dimensional regularization, the only surviving term in the expansion
is the constant one, but remarkably this vanishes when we select the FY gauge. This is not
in contrast with the results of flat space, where the diagram is zero regardless of the value of
ξ, because if we reintroduce the dependence on the AdS radius L, we see that the diagram is
of order O(1/L2), and therefore its contribution vanishes in the flat space limit.

5.1.2 Ghost diagram

The ghost contribution ΠGH reads

(ΠGH)i1i2(x1, x2) = ncg
2
∫
dx dy Πλ

i1(x1, x)Πλ′
i2 (x2, y)(∇λGGH∇λ′GGH) . (5.6)

Replacing the expression of the ghost propagator (3.23) and using the basis of eq. (B.3),
we obtain

∇λGGH∇λ′GGH = fGH1(u)gλλ′ + fGH2(u)nλnλ′ , (5.7)

where

fGH1(u) = 0 , fGH2(u) =
Γ
(

d+1
2

)2

4πd+1(u(2 + u))d
. (5.8)

Note that despite the ghost propagator involves hypergeometric functions, the combina-
tion (5.7) gives rise to meromorphic functions of the same kind as those appearing in the
gauge propagator (3.11) in the FY gauge.
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5.1.3 Triple diagram

We now turn to the computation of the triple gauge diagram ΠTR, which is the most involved.
Considering all Wick contractions among the two triple couplings, integration by parts, and
after some algebra, we get

(ΠTR)i1i2(x1,x2)=ncg
2
∫
dxdy Πi1λ(x1,x) Πi2λ′(x2,y)

(
4
(
Πνν′∇ν∇ν′Πλλ′−∇νΠλν′∇ν′Πνλ′)

−2
(
Πνν′∇ν∇λ′Πλν′−∇νΠλν′∇λ′Πνν′

)
−2
(
Πνν′∇λ∇ν′Πνλ′−∇λΠνν′∇ν′Πνλ′)

+
(
Πνν′∇λ∇λ′Πνν′−∇λΠνν′∇λ′Πνν′)+(Πλλ′∇ν∇ν′Πνν′−∇νΠνλ′∇ν′Πλν′) (5.9)

−2
(
∇ν′∇νΠνλ′Πλν′−∇ν′Πλλ′∇νΠνν′)−2

(
Πνλ′∇ν∇ν′Πλν′−∇λΠνλ′∇ν′Πνν′

)
+
(
∇λ′∇νΠνν′Πλν′−∇λ′Πλν′∇νΠνν′

)
+
(
Πνλ′∇λ∇ν′Πνν′−∇λΠνλ′∇ν′Πνν′

))
.

Plugging the expression (3.7) for the gauge propagator in the basis of [2] and using eq. (B.4),
we can rewrite this term in the form

(ΠTR)i1i2(x1, x2) = ncg
2
∫
dx dy Πi1λ(x1, x)Πi2λ′(x2, y)f λλ′

TR (x, y) , (5.10)

with

f λλ′
TR (x, y) = fTR1(u)gλλ′ + fTR2(u)nλnλ′

,

fTR1(u) =
(d− 4)(d− 1)Γ

(
d+1

2

)2
(1 + u)

4(d− 2)2πd+1(u(2 + u))d
,

fTR2(u) =
Γ
(

d+1
2

)2 (
4(1 + u) + d

(
d− 6 + u(d− 5)

))
4(d− 2)2πd+1(u(2 + u))d

.

(5.11)

In deriving (5.10) from (5.9) one has to pay attention to possible contact terms, which can
arise since eq. (5.9) contains propagators inside the loop that are derived twice. A way to take
care of this is by replacing the equation of motion for the gauge propagator (3.4) in (5.10).
However, since contact terms produce tadpoles of the gauge propagator, these contributions
vanish in the FY gauge, as it happens in the quartic diagram.

5.1.4 Total contribution

The sum of the ghost and triple diagram contributions Π(1) = ΠGH +ΠTR can be rewritten,
interestingly enough, in terms of gauge propagators only in the following form,

(Π(1))i1i2(x1,x2)=
(4
d
−1
)
nc g

2
∫
dxdy ∇νΠi1λ(x1,x)∇ν′Πi2λ′(x2,y)(Πνν′Πλλ′−Πλν′Πνλ′) .

(5.12)
The expression (5.12) has been conveniently written in a way in which the derivatives
act on each of the two external legs. In this way, we avoid double derivatives acting on
external propagators, which may be generated after integration over one of the internal
points. The resulting contact terms, contrary to those discussed below eq. (5.11), in general
would not vanish.
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5.2 Counterterm

The counterterm contribution reads

(ΠCT)µ1µ2(x1, x2) = −g2
(
δT

∫
dx
(
∇νΠµ1λ(x1, x)∇λΠµ2ν(x2, x)

)
+ δL

∫
dx

(1
ξ
∇νΠµ1ν(x1, x)∇λΠµ2λ(x2, x)

))
, (5.13)

where the coefficients δT and δL are a flat space result. In modified minimal subtraction
(MS) scheme we have (see e.g. [60])

δT = nc

32π2

(10
3 + (1− ξ)

)(2
ϵ
− γE + log(4π)

)
+O(g4) , δL = 0 . (5.14)

5.3 Final result

We uplift in embedding space (5.12) and (5.13) and take the boundary limit of the points
X1,2. This gives

(K(1))A1A2(P1, P2) =
(4
d
− 1

)
nc

∫
dX dY ∇BKA1A(P1, X)∇B′KA2A′(P2, Y )

× (ΠBB′ΠAA′ −ΠAB′ΠBA′) , (5.15)

(KCT)A1A2(P1, P2) = −δT

∫
dX∇CKA1B(P1, X)∇BKA2C(P2, X) . (5.16)

The loop and counterterm contributions can be written in terms of scalar contributions
K(1) and KCT as follows,

(K(1))A1A2(P1, P2) ≡ PA1A2(P1, P2)K(1) ,

(KCT)A1A2(P1, P2) ≡ PA1A2(P1, P2)KCT .
(5.17)

We evaluate the integrals appearing in (5.15) and (5.16), starting from the simpler counterterm
contribution. We insert the expression for the D bulk-to-boundary propagator (3.17) and
use Lorentz invariance to reduce (5.16) to scalar integrals only. The resulting expression
can be written in the form (5.17) with

KCT = −δT
Γ(d)2

Γ
(

d
2

)2
πdd

∫
dX

(d− 1)(P1 · P2) + (d− 2)(P1 ·X)(P2 ·X)
(−2P1 ·X)d (−2P2 ·X)d

= δT

Γ
(

d+1
2

)
(d− 2)

2π d+1
2 d2(−P1 · P2)d−1

,

(5.18)

where we used (4.39) in the last step. Note that the log terms appearing in (4.39) cancel
in (5.18), as expected, since the currents Ja

i are conserved and cannot acquire an anoma-
lous dimension.

We consider now Π(1) in (5.15). First, we use the expression of the bulk-to-boundary and
bulk-to-bulk gauge propagators and act with an inversion transformation (see the beginning
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of section D.3 in the appendix for the detailed form of the transformation). After some
algebra, the integral can be written as in (5.17), namely

K(1) =
∫
dX

(d− 1)(P1 · P2) + (d− 2)(P1 ·X)(P2 ·X)
(−2P1 ·X)d (−2P2 ·X)

IY (z), (5.19)

with
IY (z) = κd

∫ ∞

0
dw

∫ ∞

0
dy

w2d−3yd+1z2d−1

(y2 + (w + z)2)d(y2 + (w − z)2)d
, (5.20)

and

κd =
(4
d
− 1

)
nc

24d−5(d− 1)Γ
(

d+1
2

)4
Ωd−1

d2(d− 2)2π2d+2 , (5.21)

where Ωd−1 = 2π d
2 /Γ(d

2 ) is the volume of the (d− 1)−dimensional sphere with unit radius. It
is useful to introduce two Schwinger parameters t1 and t2 and rewrite IY (z) as

IY (z) =
κd

Γ(d)2

∫ ∞

0
dt1

∫ ∞

0
dt2

∫ ∞

0
dw

∫ ∞

0
dy w2d−3yd+1z2d−1td−1

1 td−1
2

× e−(y2+(w+z)2)t1e−(y2+(w−z)2)t2 .

(5.22)

The integral over y and w can be computed analytically and we are left with an integral
over t1 and t2. Following [61], we perform a change of variables t1 = us, t2 = (1 − u)s.
The integral over s can be computed analytically and we are left with the integral over u,
which is UV divergent. This last integral is computed using the following trick [62]: we
isolate the divergences by expanding around coincident points (u = 0) up to a sufficient
order so that the remaining part is finite and can be safely computed. The divergent terms
are regulated by using ∫ 1

0
du ua−1 = 1

a
, (5.23)

which is valid for a > 0, but is extendable to any d-dependent a by analytic continuation
in d. We then sum both contributions to obtain

IY (z) = zd−1nc2d+1
(4
d
− 1

)( 1
12π6ϵ

+ −1 + 9γE + 9 log π
72π6

)
. (5.24)

The zd−1 term appearing in (5.24) is such that (−2P2 ·X) in (5.19) turns into (−2P2 ·X)d

thanks to (D.19). The dX integral in (5.19) can then be evaluated using again (4.38)
and (4.39). We get

K(1) =
π

d
2 (d− 4)(d− 2)Γ

(
d
2

)
d2Γ(d)(−P1 · P2)d−1

( 1
6π6ϵ

+ −1 + 9γE + 9 log π
36π6

)
. (5.25)

Again, the log terms in (4.39) cancel in (5.25), as expected. We sum loop and counterterm
contribution, and set ξ = d/(d − 2) in δT in (5.14). In this way we get

K
(1)
tot = KCT +K(1) = −nc

10 + 3γE

162π4
1

(−2P1 · P2)2 . (5.26)
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The cancellation of the UV divergences, as expected from the renormalization of the theory,
provides a sanity check of the computation. Matching with eq. (5.1), finally allows us to
determine the correction to CJ ,

C1
J = −10 + 3γE

324π2 nc . (5.27)

From this result we extract the estimate (1.8) for the Decoupling scenario. Note that the
value of C1

J is renormalization scheme-dependent. The value (5.27) is in the MS scheme.11

6 Conclusion

In this paper, inspired by [1], we have explored confinement in non-abelian gauge theories in
AdS4, from the perspective of the boundary CFT3. Among the three possibilities reviewed
in the introduction, our results disfavor the Higgsing scenario, are compatible with the
Decoupling scenario, and favor the Marginality one.

There are several open questions that would be important to address in future studies.
The merging scenario implies the existence of a new theory D∗ which has the same global
symmetry of the D CFT. Finding possible candidates for D∗ is an important point that we
did not address. In particular, it would be useful to see if there exist candidates for D∗ in the
vicinity of g2 = 0, i.e. at weak coupling. While the possibility illustrated in figure 1 appears
to be the most likely, more work is needed to firmly exclude more exotic possibilities. For
instance it is in principle possible that the symmetry G appears as an emergent symmetry
in the N bc, allowing D and N to annihilate, leaving some other boundary condition at
strong coupling. Even in the scenario of figure 1, an important question is whether the
theory settles to the N boundary condition after the merger, and if this is the case, whether
this happens continuosly or discontinuosly. As pointed out in [27], anomalies in generalized
symmetries can sometimes rigorously rule out the continuity between N and D. It is also
in principle possible that, for some reason, the Merging and Decoupling scenarios occur
simultaneously at the same value of g2

crit.
Having reformulated confinement purely in terms of properties of a non-local boundary

CFT, it would be extremely interesting to see if the conformal bootstrap [63, 64] might
be used to rigorously assess which scenarios are consistent. Recent progress in the study
of four-point functions of non-abelian conserved currents in 3d [65] make this direction
feasible in the near future.

From a more theoretical point of view, it would be important to properly define what
confinement means in AdS space. As is well known, in flat space confinement is detected
by the area law of large Wilson loops. Recently, the area law and confinement have been
reformulated more sharply as the phase in which (e.g. for SU(N) gauge theories) the electric
ZN one-form symmetry is unbroken [66]. In AdS at finite L, there is no intrinsic distinction

11Beyond the leading order computed in this paper, also the g2 expansion of boundary scaling dimensions
becomes scheme-dependent. One way to get rid of scheme-dependence is to eliminate g2 and express the scaling
dimensions, that are physical, as an expansion in the physical quantity 1/CJ . Doing so, all the coefficients
in the expansion are themselves physical. Given the function ∆tr[JJ](1/CJ ), the question of Marginality vs
Decoupling becomes the question of whether ∆tr[JJ](1/CJ ) = 3 for any positive CJ .
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between perimeter and area law, and hence it is not clear if one-form symmetries still
characterize the possible phases. The space has however a boundary and perhaps a sharp
characterization is provided by the boundary conditions. In fact, the one conjectured in our
paper is one of these: confinement in AdS is characterized by the absence of the D bc. It
would be important to understand how this definition is related to the usual one in terms of
one-form symmetries and to verify if other definitions are in principle possible.

Finally, it would be interesting to explore possible applications of the general result we
found for the scaling dimension of the displacement operator (4.10) and (4.12). Recently
correlation functions involving the bulk stress tensor and boundary operators along bulk RG
flows were studied in [25, 26]. These papers derived sum rules for the scaling dimension of the
boundary operator, which can be applied in particular to the displacement operator. It would
be interesting to compare the sum rules to the result for the scaling dimension of D presented
here. Matching the two results, it should be possible to obtain a sum rule for the bulk beta
function, e.g. to express the one-loop beta function in terms of a sum involving boundary
CFT data. In the context of amplitudes in flat space, it has been shown that RG coefficients,
including beta function coefficients, can be extracted from scattering data, see e.g. ref.s [67–70].
It would be interesting to explore further how boundary correlation functions in AdS encode
bulk RG coefficients and the relation to the flat space results via the flat space limit.
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A Mean field theory of SU(nc) adjoint currents

The spectrum of CFT operators on Rd, or equivalently of states on Sd−1 × R, can be encoded
in a grand-canonical partition function on Sd−1 × S1, with S1 being a compact Euclidean
thermal circle. In particular, we are interested in the spectrum of the mean-field theory of
SU(nc) adjoint currents in d = 3 dimensions. Following the approach of [38, 39], this can
be determined from the single-particle partition function

zJ,RA
(q, x, y, r) = zJ(q, x)XRA

(y, r) . (A.1)

Here,
zJ(q, x) = TrJ

(
q∆xj

)
= χ(2,1)(q, x)− χ(3,0)(q, x) ≡ χshort

(2,1) (q, x) , (A.2)

is the single-particle partition function of a U(1) conserved current J in d = 3, with

χ(∆,ℓ)(q, x) =
q∆

(1− q)(1− qx)(1− q/x)

ℓ∑
j=−ℓ

xj , q = e−β , x = eµ , (A.3)
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being the conformal characters associated with primary operators with scaling dimension
∆ and SO(3) ∼ SU(2) spin ℓ, for which we have turned on fugacities q and x, respectively.
Similarly,

XRA
(y, r) = y−r

 r∑
p=0

yp

2

− 1 , (A.4)

is the character for the SU(r + 1) adjoint representation RA, with a common fugacity y for
the diagonal Cartan generators. The spectrum of the mean-field theory of SU(r + 1) adjoint
currents is encoded in the multi-particle partition function

Z(q, x, y, η, r) = exp
( ∞∑

k=1
ηk zJ,RA

(qk, xk, yk, r)
k

)
, (A.5)

where we have also introduced a fugacity η that keeps track of the number of currents entering
each primary operator. The partition function Z can be systematically expanded in powers
of q, x, η in order to obtain the spectrum to arbitrary order. Up to scaling dimension ∆ = 7,
omitting to write the common (q, x)-dependence on all characters, one finds

Z(q, x, y, η, r) = 1 + ηχshort
(2,1)XRA

(y, r) + η2χ(4,0)X+ + η2χ(4,1)X− + η2χ(4,2)X+

+ η2χ(5,0)X+ + η2χ(5,1)X− + η2χ(5,2)(X+ +X−) + η2χ(5,3)X− + η2χ(6,0)X+

+ η3χ(6,0)Y− + η2χ(6,1)X− + η3χ(6,1)(Y+ + Z) + 2η2χ(6,2)X+ + η3χ(6,2)Z

+ η2χ(6,3)(X+ +X−) + η3χ(6,3)Y+ + η2χ(6,4)X+ + η2χ(7,0)X+

+ η3χ(7,0)(Y− + Z) + η2χ(7,1)X− + η3χ(7,1)(3Z + 2Y+ + Y−) + η2χ(7,2)(X+ +X−)
+ η3χ(7,2)(3Z + Y+ + 2Y−) + 2η2χ(7,3)(q, x)X− + η3χ(7,3)(2Z + Y+ + Y−)
+ η2χ(7,4)(X+ +X−) + η3χ(7,4)Z + η2χ(7,5)X− +O(q8) , (A.6)

where we have defined the group character combinations

X± ≡
X2

RA
(y, r)±XRA

(y2, r)
2 , (A.7)

Y± ≡
X3

RA
(y, r)± 3XRA

(y, r)XRA
(y2, r) + 2XRA

(y3, r)
6 , Z ≡

X3
RA

(y, r)−XRA
(y3, r)

3 .

The SU(r + 1) representations under which the operators in (A.6) transform are encoded
in the combinations (A.7). For simplicity, we work out here the character decomposition
for the primaries with ∆ ≤ 5, which involve only the combinations X±. We first consider
the general SU(r + 1) case with r > 3. The cases r = 1, 2, 3 are special and will be treated
after. The decomposition of two adjoint representations reads

RA ⊗RA = R+ ⊕R− , R+ = 1 ⊕R3 ⊕RA , R− = R1 ⊕R2 ⊕R2 ⊕RA , (A.8)
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where 1 is the singlet and Ri are representations with Dynkin labels

R1 = (2, 0, . . . , 0, 2) , dim R1 = (nc + 3)n2
c(nc − 1)
4 ,

R2 = (0, 1, 0, . . . , 0, 2) , dim R2 = (n2
c − 4)(n2

c − 1)
4 ,

R2 = (2, 0, . . . , 0, 1, 0) , dim R2 = dim R2 , (A.9)

R3 = (0, 1, 0, . . . , 0, 1, 0) , dim R3 = n2
c(nc − 3)(nc + 1)

4
RA = (1, 0, . . . , 0, 1) , dim RA = n2

c − 1 ,

with nc = r + 1. One can check that the following character decomposition holds,

X+ = 1 +XR1(y, r) +XR3(y, r) +XRA
(y, r) ,

X− = XR2(y, r) +XR2
(y, r) +XRA

(y, r) . (A.10)

For r = 3 the decomposition (A.8) and (A.10) applies, but the Dynkin labels of R3 are
modified:

R3 = (0, 2, 0) , dim R3 = 20 , (r = 3) . (A.11)

For r = 2 the representation R3 does not exist, and we have

R1 = (2, 2) , dim R1 = 27 , (r = 2) ,
R2 = (3, 0) , R2 = (0, 3) , dim R2 = dim R2 = 10 , (r = 2) . (A.12)

For r = 1 the decomposition trivializes,

X+ = 1 +X2(y, r) , X− = X1(y, r) , (r = 1) , (A.13)

where the subscripts refer to the spin j of the representation (j = 1 is the adjoint).

B Bulk-to-bulk gauge propagator

B.1 Map to the notation of [2]

It is convenient to express propagators and their derivatives with the notation presented
in [2] for maximally symmetric spaces. Let us denote by µ(x, y) the geodesic distance, which
can be expressed in terms of the chordal distance as

µ(x, y) = cosh−1
(
1 + u(x, y)

)
. (B.1)

In this notation, the building blocks are the parallel propagator gν
ν′(x, y) transporting vectors

along geodesics from x to y, and the unit vectors nν(x, y) and nν′(x, y), tangent to the
geodesic at x and y, respectively,

nν (x, y) = ∇νµ(x, y) and nν′ (x, y) = ∇ν′µ (x, y) . (B.2)

Any bitensor in a maximally symmetric space can be expressed as sums and products of
these building blocks, with coefficients that are only functions of µ, or equivalently of u. For
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example, a bitensor with an index in x and an index in y, such as the gauge propagator
Π, can be decomposed as

Πµµ′(x, y) = π0(u)gµµ′ + π1(u)nµnµ′ . (B.3)

In AdS space we also have [2]

∇νnµ = (1 + u)√
u(u+ 2)

(gνµ − nνnµ) , ∇νnµ′ = − 1√
u(u+ 2)

(
gνµ′ + nνnµ′

)
,

∇νgµµ′ = − u√
u(u+ 2)

(
gνµnµ′ + gνµ′nµ

)
,

(B.4)

which are useful relations to compute derivatives of propagators. We can map between the
parametrization (3.7) and the one given in (B.3) by the relations

∇µu =
√
u(u+ 2)nµ , ∇µ′∇µu = −gµµ′ + u nµnµ′ . (B.5)

We get

π0(u) = g0(u) , π1(u) = u(u+ 2)g1(u)− ug0(u) . (B.6)

B.2 Spectral representation

We briefly review here the minimal properties of spin ℓ harmonic functions on AdS Ω(ℓ)
ν

needed for the derivation of the bulk gauge propagator, referring to [45] for further details.
We focus on ℓ = 0, 1, which are the only cases of interest for us. Harmonic functions on AdS
can be conveniently defined in embedding space as suitable integrals over the boundary of
two bulk-to-boundary propagators. They satisfy the relations

−∇2
XΩ(1)

νAB(X,Y ) =
(
ν2 + d2

4 + 1
)
Ω(1)

νAB(X,Y ) ,

−∇A
XΩ(1)

νAB(X,Y ) = 0 ,

−∇2
XΩ(0)

ν (X,Y ) =
(
ν2 + d2

4

)
Ω(0)

ν (X,Y ) ,

(B.7)

as well as nice orthogonality properties. The harmonic functions can be written as

Ω(ℓ)
ν (X1, X2;W1,W2) =

iν

2π
(
G d

2 +iν,ℓ (X1, X2;W1,W2)−G d
2−iν,ℓ (X1, X2;W1,W2)

)
, (B.8)

where G∆,ℓ is the analytic continuation for complex ∆ of the bulk propagators for a massive
spin ℓ field [45].

Let us review how to get the N and D bulk propagators for a scalar field with mass
m2 = ∆(∆− d) using the spectral representation. We take ∆ > d/2. In embedding space
the equation of motion reads

(−∇2 +m2)Π(X1, X2) = δ(X1, X2) . (B.9)

We look for a particular solution of (B.9) by writing

Π(X1, X2) =
∫ ∞

−∞
dν a0(ν)Ω(0)

ν (X1, X2) , (B.10)
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and the spectral representation of the delta function

δ(X1, X2) =
∫ ∞

−∞
dν Ω(0)

ν (X1, X2) . (B.11)

Using the third relation in (B.7) it is immediate to determine a0:

a0(ν) =
1

ν2 +
(
∆− d

2

)2 . (B.12)

The integral in ν in (B.10) can be performed using (B.8) and residue theorem. Given the
behavior of G∆,0 as ∆ goes to infinity in the complex plane, we have to close the contour
in the lower and upper half-plane for Gd/2+iν,0 and Gd/2−iν,0 respectively. The only poles
are the ones given by a0(ν), at ν0 = i(∆ − d/2) and ν∗0 , the two residues giving the same
contribution. We get

Π(D)(X1, X2) = 2
∫

Cν∗0

dν a0(ν)
iν

2πG d
2 +iν,0(X1, X2) = G d

2 +iν∗
0 ,0(X1, X2) = G∆,0(X1, X2) ,

(B.13)
where Cν∗

0
is a small circle around ν∗0 . The function Π(D) is identified as the bulk propagator

with D bc. The N bulk propagator Π(N) is determined by noticing that Ω(0)
ν0 is a solution

of the homogeneous equation of motion, so Π(X1, X2) + cΩ(0)
ν0 is a solution of (B.10) for

any constant c. Demanding that ϕ ∼ u∆−d as u→ ∞ fixes the constant to be c = 2π/(iν0).
This can also be written as

Π(N)(X1,X2)=Π(D)(X1,X2)−2
∫

Cν0

dνa0(ν)
iν

2π
(
G d

2 +iν,0(X1,X2)−G d
2−iν,0(X1,X2)

)
(B.14)

=2
∫

Cν0

dνa0(ν)
iν

2πG d
2 +iν,0(X1,X2)=G d

2 +iν0,0(X1,X2)=Gd−∆,0(X1,X2).

We see that the N bulk propagator can be expressed, in the spectral representation, by the
same integrand of the D bulk propagator, but evaluated at the “opposite” residues. In this
way, the correct boundary behavior is obtained. The same mechanism works for massive
spin 1 and massless gauge propagators. In particular, the massive spin 1 propagator can
be decomposed as follows in terms of harmonic functions [45],

Π∆,1(X1,X2;W1,W2) =
∫
dν

1
ν2+(∆−d/2)2Ω

(1)
ν (X1,X2;W1,W2) (B.15)

+(W1 ·∇1)(W2 ·∇2)
∫
dν

1
(∆−1)(∆−d+1)

1
ν2+d2/4Ω

(0)
ν (X1,X2) .

As for the scalar case above, N and D propagators are obtained by appropriately choosing
the contour of the ν integration in the two cases.
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B.3 General expression in any ξ-gauge

We report below the expression for the functions g(D,N)
0 (u) and g

(D,N)
1 (u) entering the bulk-

to-bulk gauge propagators (3.6) and (3.7) for any ξ-gauge. For clarity, we split them in their
transverse (ξ-independent) and longitudinal (proportional to ξ) components,

gi(u) = gi,⊥(u) + ξ gi,L(u) , i = 0, 1 . (B.16)

The Dirichlet bulk-to-bulk propagator is given by

g
(D)
0,⊥ =

Γ
(

d+1
2

)(
−1

d−ψ
(

d
2

)
+ψ(d)+u(u+2)− 1

2 log(4u(u+2))
)

2π d+1
2 (d−2)(u(u+2)) d+1

2

+
Γ
(

d+1
2

)(
∂
∂b+2 ∂

∂c

)
2F1

(
d+1

2 , d+2
2 +b, d+2

2 +c, 1
(u+1)2

)∣∣∣
b=c=0

4π d+1
2 (d−2)(u+1)d+1

,

g
(D)
0,L =

Γ
(

d+1
2

)(
H d

2
− 1

d−ψ(d)+log(2(u+2))−γE

)
2π d+1

2 d(u(u+2)) d+1
2

−
Γ
(

d+1
2

)(
∂

∂a+2 ∂
∂c

)
2F1

(
d+1+a, d+1

2 ,d+1+c,− 2
u

)∣∣∣
a=c=0

2π d+1
2 dud+1

,

g
(D)
1,⊥ =

(u+1)Γ
(

d+1
2

)(
u(u+2)− 1

2 log
(

u(u+2)
(u+1)2

)
−(d+1)

(
ψ
(

d
2

)
−ψ(d)+log(2(u+1))

)
− 1

d

)
2π d+1

2 (d−2)(u(u+2)) d+3
2

+
Γ
(

d+1
2

)(
∂
∂b+2 ∂

∂c

)
2F1

(
d+1

2 , d+2
2 +b, d+2

2 +c, 1
(u+1)2

)∣∣∣
b=c=0

4π d+1
2 (d−2)u(u+2)(u+1)d

+
dΓ
(

d+1
2

)(
∂

∂a+
∂
∂b+2 ∂

∂c

)
2F1

(
d+1

2 +a, d
2+b,

d
2+c,

1
(u+1)2

)∣∣∣
a=b=c=0

4π d+1
2 (d−2)u(u+2)(u+1)d

,

g
(D)
1,L =− ∂

∂u
g

(D)
0,L . (B.17)

We have checked that the bulk propagator in the Feynman gauge ξ = 1 agrees with what
is found in [2].

The Neumann bulk-to-bulk propagator is given by

g
(N)
0,⊥ =

2F1
(

1
2 , 1; 1− d

2 ;
1

(u+1)2

) (
−H1− d

2
− 2

d−1 + 1
d − log(2(u+ 1)) + 1

)
4πd/2Γ

(
2− d

2

)
(u+ 1)

−
(d− 2)u(u+ 2) 2F̃1

(
3
2 , 2; 2− d

2 ;
1

(u+1)2

)
2πd/2(d− 1)d(u+ 1)3

+
(d− 1)π−d/2

(
∂

∂a + ∂
∂b + 2 ∂

∂c

)
2F1

(
1
2 + a, 1 + b, 2− d

2 + c, 1
(u+1)2

)∣∣∣
a=b=c=0

8(d− 2)Γ
(
2− d

2

)
(u+ 1)

+

(
∂

∂a + ∂
∂b + 2 ∂

∂c

)
2F1

(
3
2 + a, 1 + b, 2− d

2 + c, 1
(u+1)2

)∣∣∣
a=b=c=0

4πd/2(d− 2)2(u+ 1)Γ
(
1− d

2

) ,
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g
(N)
0,L =

Γ
(

d+1
2

) (
H− d

2−
1
2
+H d

2
− 2

d + π tan
(

πd
2

)
− 2(ψ(d) + γE) + log

(
4(u+2)

u

))
2π d+1

2 d(u(u+ 2)) d+1
2

+
2F1

(
1, 1−d

2 ; 1− d;− 2
u

) (
π cot

(
πd
2

)
+ 2ψ(d)− ψ

(
d+1

2

)
+ log

(
u
2
)
+ γE

)
πd/2d2uΓ

(
−d

2

)
−

(
∂

∂a + ∂
∂b + 2 ∂

∂c

)
2F1

(
1 + a, 1−d

2 + b, 1− d+ c,− 2
u

)∣∣∣
a=b=c=0

πd/2d2uΓ
(
−d

2

)
+

Γ
(

d+1
2

)
∂
∂b 2F1

(
d+ 1, d+1

2 + b, d+ 1,− 2
u

)∣∣∣
b=0

2π d+1
2 dud+1

,

g
(N)
1,⊥ =

(
d2 − 1

)
2F1

(
1
2 , 1; 2− d

2 ;
1

(u+1)2

) (
H1− d

2
− u(u+2)

d2−1 + log(2(u+ 1))− 1
)

4πd/2(d− 2)u2(u+ 2)2Γ
(
2− d

2

)
−
(
d+ (u+ 1)2) (H1− d

2
+ log(2(u+ 1))− 1

)
4πd/2u2(u+ 2)2Γ

(
2− d

2

)
+

(d− 1)
(

∂
∂a + ∂

∂b + 2 ∂
∂c

)
2F1

(
1
2 + a, 1 + b, 2− d

2 + c, 1
(u+1)2

)∣∣∣
a=b=c=0

8πd/2(d− 2)u(u+ 2)Γ
(
2− d

2

)
−
(
d+ (u+ 1)2) ( ∂

∂a + ∂
∂b + 2 ∂

∂c

)
2F1

(
3
2 + a, 1 + b, 2− d

2 + c, 1
(u+1)2

)∣∣∣
a=b=c=0

8πd/2(d− 2)u(u+ 1)2(u+ 2)Γ
(
2− d

2

) ,

g
(N)
1,L = − ∂

∂u
g

(N)
0,L . (B.18)

C Boundary RG flow from bulk dynamics

In this appendix, we show how an RG flow can be induced in the boundary CFT when an
irrelevant boundary operator becomes marginal. The analysis will be given for a general bulk
and boundary theory, with the assumption that in the UV the bulk theory is conformal and
the boundary theory has no relevant deformations. The latter assumption is not essential,
but it simplifies the analysis that follows. We denote by Ô the lowest dimensional irrelevant
scalar singlet operator of the boundary CFT and by O the leading bulk operator, whose
coupling λ̃ govern the CFT data of the boundary theory. We take λ = λ̃ Ld+1−∆O , where ∆O

is the scaling dimension of O in the bulk CFT at λ̃ = 0, in such a way that λ is dimensionless.
Suppose then that there exists a value λcrit (or alternatively a critical AdS length Lcrit),

where ∆Ô(λcrit) = d. Let us denote by η ≪ 1 the coupling associated to Ô when this is close
to marginal, and by δλ = λ−λcrit the deviation of the coupling from its critical value. We take

δλ≪ η ≪ 1 , δλ ∼ η2 , (C.1)

and use η as expansion parameter. We determine the beta function βη of the coupling η up
to order η2 by using techniques similar to those employed in conformal perturbation theory,
i.e. we expand a correlation function of bulk operators around the bulk critical theory in
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absence of boundary deformations. A simple choice is to consider the one-point function of
the bulk operator O itself, the one associated with the deformation δλ. We have

⟨O(x1)⟩δλ,η = ⟨O(x1)⟩0 − η⟨O(x1)
∫
dx̂ Ô(x)⟩0 +

η2

2 ⟨O(x1)
∫
dx̂ Ô(x)

∫
dŷ Ô(y)⟩0

− δλ̃⟨O(x1)
∫
dxO(x)⟩0 + . . . , (C.2)

where the subscript 0 means that the correlator is evaluated at δλ̃ = η = 0 and dx̂ ≡ ddx

denotes the measure at the boundary. The renormalization of the boundary coupling η is
determined by the short-distance behavior of the above correlators, which is fixed using the
OPE and the bOPE expansions. The latter still exists despite the bulk theory is generally
non-conformal at λ = λcrit. The contribution to βη coming from the third term in the first
row of (C.2) is computed using standard techniques of conformal perturbation theory (see
e.g. chapter 5 of [71]). Short-distance divergences occur when x approaches y. We can then
use the OPE to rewrite that term as∫

dx̂ Ô(x)
∫
dŷ Ô(y) ≈

∫
dx̂

∫
|w|≥a

dŵ
(
CÔÔw

−2d + C Ô
ÔÔ

w−dÔ(x) + . . .
)
, (C.3)

where wi = (x− y)i, a is a short-distance cut-off, CÔÔ and C Ô
ÔÔ

are the coefficients entering
the two-point function and the OPE coefficient of the three-point function of Ô.12 Universal
contributions to βη arise from the second term in (C.3).13 We have∫

dx̂ Ô(x)
∫
dŷ Ô(y)

∣∣∣
div

≈ −Ωd−1C
Ô

ÔÔ
log(a)

∫
dx̂ Ô(x) . (C.4)

The first term in the second row of (C.2) is UV divergent when the bulk operator approaches
the boundary. In this limit we can expand the bulk field in terms of boundary operators
using the bOPE:

L∆OO(x) =
∑
Ôk

z
∆ÔkBÔk

O Ôk(x) = B 1̂
O +BÔ

Oz
dÔ(x) + . . . . (C.5)

We then have

O(x1)
∫
dxO(x) ≈ Ld+1−∆OO(x1)

∫
dx̂

∫ ∞

a

dz

zd+1

(
B 1̂

O +B Ô
O zdÔ(x) + . . .

)
. (C.6)

As in (C.3), universal logarithmic contributions arises only from the second term in (C.5),
which gives

O(x1)
∫
dxO(x)

∣∣∣
div

≈ − log(a)Ld+1−∆OB Ô
O O(x1)

∫
dx̂ Ô(x) . (C.7)

12Note that we are not assuming unit-normalized two-point functions, so the OPE coefficient CÔÔÔ entering
a three-point function and the one coming from the OPE C Ô

ÔÔ
are not identical. One has

C Ô
ÔÔ = CÔÔÔ

CÔÔ

.

A similar relation occurs between BOÔ entering a two-point bulk-to-boundary two-point function and the
coefficient B Ô

O coming from the bOPE.
13For example, using the regularization (5.23), the first term in eq. (C.3) is UV finite.
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In general both the 3-point OPE and the bOPE coefficients CÔÔÔ and BOÔ depend on λ.
From (C.2), (C.4) and (C.7) we immediately get

βη = −adη
da

= c1η
2 + c2δλ , (C.8)

where

c1 = 1
2Ωd−1C

Ô
ÔÔ

(λcrit) ,

c2 = −B Ô
O (λcrit) .

(C.9)

D Tools for the computation of Witten diagrams

Developing tools for the computation of Witten diagrams at loop level is an active field
of research in itself, see e.g. [8, 61, 72–87]. In this appendix, we provide details on several
technical points required to compute the Witten diagrams presented in sections 4 and 5.

D.1 Mass shift diagram

We want to compute the integral corresponding, modulo some prefactors that we will make
explicit later, to the mass shift of a scalar field of dimension ∆, which is

I∆ =
∫
dX

1
(−2P1 ·X)∆

1
(−2P2 ·X)∆ , (D.1)

where X is a point in the bulk and P1, P2 are points at the boundary. The integral (D.1) is
divergent, but it can be regulated for ∆ ̸= d/2 by putting P1 and P2 at distance z1,2 = δ ≪ 1
from the boundary. Consider then the analog bulk integral

Ĩ∆ =
∫
dX G∆,0(X1, X)G∆,0 (X,X2) , (D.2)

with X1 and X2 points in the bulk and G∆,0 the bulk-to-bulk propagator of a scalar field
with dimension ∆. We assume from now that ∆ ̸= d/2. In spectral representation, the
scalar propagator with D bc can be written as

G∆,0 (X1, X2) =
∫ +∞

−∞
dν

1

ν2 +
(
∆− d

2

)2Ω
(0)
ν (X1, X2) . (D.3)

Using (D.3) and the orthogonality relation for harmonic functions∫
dX Ω(0)

ν (X1, X)Ω(0)
ν′ (X,X2) =

δ(ν − ν ′) + δ(ν + ν ′)
2 Ω(0)

ν (X1, X2) , (D.4)

we can rewrite the integral (D.2) as

Ĩ∆ =
∫ +∞

−∞
dν

1(
ν2 +

(
∆− d

2

)2
)2Ω

(0)
ν (X1, X2) = − 1

2∆− d

d

d∆G∆,0 (X1, X2) . (D.5)
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Taking the external points to the boundary we get

I∆ = lim
z1,2→δ

[
(z1z2)−∆ Ĩ∆

]
= − 1

2∆− d

1
(C0(∆))2 lim

z1,2→δ

[
(z1z2)−∆ d

d∆G∆,0 (X1, X2)
]
. (D.6)

We now use the relation between the bulk-to-bulk and the bulk-to-boundary propagator

G∆,0 (Xi, X) ∼
zi→δ

z∆
i

C0(∆)
(−2Pi ·X)∆ , (D.7)

where
C0(∆) = Γ(∆)

2π d
2 Γ
(
1− d

2 +∆
) . (D.8)

We compute the limit by using (D.7), taking both points to the boundary,

G∆,0 (X1, X2) ∼
z1,2→0

z∆
1 z

∆
2

C0(∆)
(−2P1 · P2)∆ . (D.9)

This gives the final result

I∆ = 1
d− 2∆

1
(C0(∆))2

[
−C0(∆) log

(−2P1 · P2
δ2

)
+ d

d∆C0(∆)
] 1
(−2P1 · P2)∆ , (D.10)

which equals (4.39) in the main text.

D.2 Integration by parts in AdS space

We show that integration by parts in AdS gives vanishing boundary terms if the derivatives that
we are moving act on bulk-to-bulk propagators. This is not the case when bulk-to-boundary
propagators are involved in the diagrams. Let us consider the following integral,∫

dx ⟨Aa1
i (x1)∇νA

a
λ(x)⟩AνbAλc(x) . (D.11)

Let us integrate by parts and focus only on the boundary term, which is

lim
δ→0

∫
z=δ

dx̂
1

δd+1 δ
2
(
−⟨Aa1

i1
(x1)Aa

λ(x̂; δ)⟩Ab
zA

c
λ(x̂, δ)

)
, (D.12)

where dx̂ ≡ ddx denotes the measure at the boundary. Now, we have

Aa
i (x, δ) ∼

δ→0
δd−2Ja

i (x) , Aa
z(x, δ) ∼

δ→0
δd−1ba(x) , (D.13)

where Ja
i are the boundary currents and ba is some function which does not depend on δ.

This implies that the boundary contribution vanishes for sufficiently large d. We can repeat
the same argument for the ghost vertex,∫

dx ⟨Aa1
i1
(x1)Ab

ν(x)⟩∇ν c̄acc . (D.14)

Let us integrate by parts and focus only on the boundary term, which is

lim
δ→0

∫
z=δ

dx̂
1

δd+1 δ
2
(
−⟨Aa1

i1
(x1)Ab

z(x, δ)⟩c̄acc(x, δ)
)
. (D.15)

Now we have eq. (D.13) and

c̄(x, δ) ∼
δ→0

δdˆ̄cd(x) , c(x, δ) ∼
δ→0

δdĉd(x) , (D.16)

with c0 and c̄0 generic Grassmann-odd functions independent of δ, which again makes the
boundary term vanish.
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D.3 A useful integral

Let us compute the following integral, which enters in the triple diagram contribution to
the JaJb two-point function,

K(k) =
∫
dX dY (−2P1 ·X)−∆1(−2P1 · Y )−∆3(−2P2 ·X)−∆2(−2P2 · Y )−∆4ζ∆k , (D.17)

with ζ as defined in (4.46). We exploit AdS symmetries to simplify the expression of this
integral. We begin by using translation symmetry to set P2 = (1, 0, 0). We then use
inversion, which acts in embedding coordinates by exchanging X+ and X− coordinates. This
corresponds to taking P2 = (0, 1, 0) and implies that, given

X = 1
z

(
1, x2 + z2, xi

)
, Y = 1

w

(
1, y2 + w2, yi

)
, (D.18)

we have

(−2P2 ·X) = 1
z
, (−2P2 · Y ) = 1

w
. (D.19)

The other scalar products are instead given by

(−2P1 ·X) = (x− y1)2 + z2

zy2
1

, (−2P1 · Y ) = (y − y1)2 + w2

wy2
1

. (D.20)

Note that the chordal distance and the metric determinant are not affected by this trans-
formation,

u = (z − w)2 + (x− y)2

2zw −→ ζ = 2zw
w2 + z2 + (x− y)2 . (D.21)

Using the notation of eq. (4.50) in the main text, we can rewrite K(k) as follows,

K(k) =
∫
dzddx

zd+1

∫
dwddy

wd+1
2∆ky2∆13

1 w∆34kz∆12k

(z2 + (x− y1)2)∆1(w2 + (y − y1)2)∆3(w2 + z2 + (x− y)2)∆k
.

(D.22)
We introduce Feynman parameters to rewrite the relevant terms in the denominator as

Γ(∆3k)
Γ(∆3)Γ(∆k)

∫ 1

0
dα(1− α)∆3−1α∆k−1(w2 + y2 + α(z2 + (1− α)(x− y1)2) . (D.23)

The integral over y and w is now straightforward. The result, after rescaling z →
√
1− α z, is

K(k) =
∫
dzddx

zd+1

∫ 1

0
dα

Γ
(∆3k,4

2

)
Γ
(

∆34k−d
2

)
Γ(∆3)Γ(∆k)

2∆k−1π
d
2 y2∆13

1 z∆12kα
∆4k,3−2

2 (1− α)
∆1234−d−2

2

((1− α)z2 + (x− y1)2)∆1(z2 + (x− y1)2)
∆3k,4

2

.

Performing the integral over α gives

K(k) =
Γ
(

∆1234−d
2

)
Γ
(∆3k,4

2

)
Γ
(∆4k,3

2

)
Γ
(

∆34k−d
2

)
Γ(∆3)Γ(∆k)Γ

(
∆124k+∆4−d

2

)
×
∫
dzddx

zd+1

2∆k−1π
d
2 y2∆13

1 z∆12k 2F1
(
∆1,

∆4k,3
2 , ∆124k+∆4−d

2 , z2

(x−y1)2+z2

)
((x− y1)2 + z2)

∆13k,4+∆1
2

.

(D.24)
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Now we can replace 2F1 by its series expansion,

2F1(a, b, c, z) =
∞∑

m=0

(a)m(b)m

m!(c)m
zm , (D.25)

and go back to embedding coordinates using eq. (D.20). Imposing the condition ∆13 = ∆24,
which is satisfied by each of the integrals of interest, we finally get (4.49) reported in the
main text.
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